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Abstract

In this paper, we define Gaussian generalized Tetranacci numbers and as special cases, we
investigate Gaussian Tetranacci and Gaussian Tetranacci-Lucas numbers with their properties.
We present Binet’s formulas, generating functions, and the summation formulas for Gaussian
generalized Tetranacci numbers.Moreover, we give some identities connecting Gaussian Tetranacci
and Gaussian Tetranacci-Lucas numbers. Furthermore, we present matrix formulation of
Gaussian generalized Tetranacci numbers.

Keywords: Tetranacci numbers; Gaussian generalized Tetranacci numbers; Gaussian Tetranacci
numbers; Gaussian Tetranacci-Lucas numbers.
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1 Introduction and Preliminaries

In this work, we define Gaussian generalized Tetranacci numbers and give properties of Gaussian
Tetranacci and Gaussian Tetranacci-Lucas numbers as special cases. First, we present some background
about generalized Tetranacci numbers and Gaussian numbers before defining Gaussian generalized
Tetranacci numbers.
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There have been so many studies of the sequences of numbers in the literature which are defined
recursively. Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas
which are special case of generalized Tetranacci numbers. A generalized Tetranacci sequence
{Vatnzo = {V0(Vo, Vi, V2, V3) }n>0 is defined by the fourth-order recurrence relations

Vn = Vn—1-+ Vn72 + Vn73 + Vn74, (11)
with the initial values Vo = co, Vi = c1, Vo = ¢2, V3 = ¢3 not all being zero.

This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [1], [2], [3], [4], [5], [6].

The sequence {V;, }n>0 can be extended to negative subscripts by defining
Ve = =V_tnoy = Ven—2) = Von—s) + Vo(n—gy

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

The first few generalized Tetranacci numbers with positive subscript and negative subscript are
given in the following Table 1:

Table 1. A few Tetranacci numbers

n 0 1 2 3 4 5
Vo ¢ c1 Co c3 co+ci+ca+tce3 co+2c 4 2¢2 + 2c¢3
an Co C3 —C2 —C1 — Cp 202 — C3 2C1 — C2 2C0 — C1 203 — 202 — 201 — 300

We consider two special cases of V,, : V,,(0,1,1,2) = M, is the sequence of Tetranacci numbers
(sequence A000078 in [7]) and V,(4,1,3,7) = R, is the sequence of Tetranacci-Lucas numbers
(A073817 in [7]). In other words, Tetranacci sequence {My},>0 and Tetranacci-Lucas sequence
{Rn}n>0 are defined by the fourth-order recurrence relations

Mn :Mn71+Mn72+Mn73+Mn74, M():OaMl = 17M2 = 17M3 =2 (12)

and
R,=Rn-1+Rn—2+ Rn—3+ Rn_y, Ro=4,Ri=1,Ry=3,R3 =7 (1.3)

respectively.

Next, we present the first few values of the Tetranacci and Tetranacci-Lucas numbers with
positive and negative subscripts in the following Table 2:

Table 2. A few Tetranacci and Tetranacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
M, O 1 1 2 4 8 15 29 56 108 208 401 773 1490
M-, 0 O 0 1 -1 0 0 2 -3 1 0 4 -8 5
R, 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
R, 4 -1 -1 -1 T -6 -1 -1 15 -19 4 -1 31 —53

It is well known that for all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be
expressed using Binet’s formulas

an+2 /Bn+2 ,yn+2 5n+2

@=Bla-N@=10 B-a)B-1NB-0 (-0 -Ar-0 G-a)0-HA0-7)

M, =



Soykan; JAMCS, 81(8): 1-21, 2019; Article no.JAMCS.48063

(see for example [1] or [8])

or

_ n—1 /3_1 n—1 'Y_l n—1 6—1 n—1
M a ot =87 s’ (14)

(see for example [9])
and
Rn=a" + 8" +7" +0"

3

respectively, where a, 3, and § are the roots of the equation z* — z® — 2% — 2 — 1 = 0. Moreover,

— 1_1_1 +1 Ll_ 2_;'_& —1

@I TR TR Ty
1 1 1 /1 13

i - - I = 2 =1

Bo= 113 3V71 1“5

ot 1o 11 L 1

L N Y Il
1 1 1 /1 13

— - = _ - 2 7, ,—1

J 1 2 32V Il

where

1/3 1/3
we 1Ly (=65, [563) " (=65  [563
—\| 12 54 108 54 108 ’

Note that we have the following identities:

a+B+v+6 = 1,
af+ay+ad+pBy+B5+v = -1,

afy+aBd+ayd+py0 = 1,
apyé = -—1.

We present an identity related with generalized Tetranacci numbers and Tetranacci numbers.

Theorem 1.1. For n > 0 and m > 0 the following identity holds:

Vm+n = Mm72Vn+3 + (M'm.73 + M'm74 + Mmf5)Vn+2 + (Mm73 + Mmf4)Vn+1 + M'meVn (15)

Proof. We prove the identity by induction on m. If m = 0 then
Vio=M_oVpis+ (M_s+ M_s+ M_5)Vpyo+ (M_3+ M_4)Vni1 + M_3V,

which is true because M_ =0, M_3 =1, M_s = —1, M_5 = 0. Assume that the equaliy holds for
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all m < k. For m = k + 1, we have

Viks1)4+n = Vagrk +Vagk—1 + Vagk—2 + Vayr—3

= (Mp_oVpiz+ (Mp—3+ Mp—a+ Mi_5)Vayo + (Mr—3 4+ Mp_4)Vini1 + Mr_3Vy)
+(Mi—3Vats + (Mp—a + Mp—5 + Mi—6) Vg2 + (Mi—a + Mi—5)Vig1 + Mr—4aVs)
+(Mi—4Vags + (My—s5 + My—¢ + Mi—7) Vg2 + (Mi—5 + Mr—6) Vo1 + Mip—sVs)
+(My—5Vats + (Mr—¢ + My—7 + My_8)Vat2 + (Mr—6 + My—7) Va1 + Mr—6Va)

= (Myp—2+ Mp_3+ Mp_sg+ My_5)Vay3
H((Myg—3+ Mp_s+ M5+ My_6) + (Mrp—a+ My_5 + Myx_¢ + M_7)

+ (My—s + Mi—6 + My—7 + Mi—g))Vat2

+((My—3 + My—a + My_5 4+ My _6) + (Mg—a + My—5 + My_¢ + My_7))Vat1
+(Mi—3+ Mg—a+ Myg_5+ Mi_6)V,
My 1Vays + (Mr—2 + Mi—3 + Mi—4)Vng2 + (My—2 + Mp_3)Vay1 + Mr_2Vi

= Mug1y—2Vars + (Muy1y—s + Mgr1y—a + M(pg1)—5)Var2
F(Mg41y)—3 + Met1)—1) Va1 + Meg1)—3Va.

By induction on m, this proves (3.8).

The previous Theorem gives the following results as particular examples: For n > 0 and m > 0,
we have (taking V,, = My,)

Mm+n = M'rn72Mn+3 + (Mmf3 + Mm74 + Mmff))Mn«&»Z + (Mm73 + Mm74)M'n+1 + Mm73Mn
and (taking V,, = R»y)
Rm+n = M'm72Rn+3 + (M'me + Mm74 + M'm,75)Rn+2 + (Mmf3 + Mm74)Rn+l + Mm73Rn-

Next we present the Binet’s formula of the generalized Tetranacci sequence.

Lemma 1.2. The Binet’s formula of the generalized Tetranacci sequence {V,} is given as

Vn = Mn—&% + (Mn—3 + Mn—4)V1 + (Mn—3 + Mn—4 + Mn—S)VQ + Mn—2V3~

Proof. Take n = 0 and then replace n with m in Theorem 1.1

For another proof of the Lemma 1.2, see [4]. This Lemma is also a special case of a work on
the nth k-generalized Fibonacci number (which is also called k-step Fibonacci number) in ([10],
Theorem 2.2.).

Corollary 1.3. The Binet’s formula of the generalized Tetranacci sequence {V,} is given as

Vn :Aan_6+B/Bn_6+C’yn_6 +D5n—6
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where
A = 50;118(‘@@3 + (Vo + Vi + Va)a? + (Vi + Va)a + Va)
B = 5@:18(V363 + (Vo + Vi +V2)8” + (Vi + V2)B + V2)
C = A+ (Vi + V2 + (Vi + )y + 1)
D = 565__13(V353+(%+V1 +12)0° + (Vi +12)8 + V2)

Proof. The proof follows from Lemma 1.2 and (1.4).

In fact, Corollary 1.3 is a special case of a result in ([10], Remark 2.3.).

Next, we give the ordinary generating function ) a,z™ of the sequence V.
n=0

Lemma 1.4. Suppose that fy,(z) = > a,z™ is the ordinary generating function of the
n=0
generalized Tetranacci sequence {V; }n>0.Then fv, (x) is given by

o V()—|-(V1—Vo)l’—i-(VQ—Vl—V0)$2+(V3—V2—V1—V0)133
B 1—z—22— 23— '

fv, (z) (1.7)

Proof. Using (1.1) and some calculation, we obtain
v (@)= fu, (@)= fu, (2)=2" fu,, () =" fr,, (2) = Vot (Vi=Vo)a+(Va=Vi—Vo)2"+(Va—Vo—Vi - Vo)’
which gives (1.7).

The previous Lemma gives the following results as particular examples: generating function of
the Tetranacci sequence M,, is

P, (@) = My =
n=0

l—x—22—23—2zt

T

and generating function of the Tetranacci-Lucas sequence R, is

G 4— 3z —22° —2®
fRn(«:U) :ZRnfL’ni X xT T
n=0

1—x—22—a3—2¢

In literature, there have been so many studies of the sequences of Gaussian numbers. A Gaussian
integer z is a complex number whose real and imaginary parts are both integers, i.e., z = a + ib,
a,b € Z. These numbers is denoted by Z[i]. The norm of a Gaussian integer a + ib, a,b € Z is its
Euclidean norm, that is, N(a + ib) = v/a2 +b2 = \/(a + ib)(a — ib). For more information about
this kind of integers, see the work of Fraleigh [11].

If we use together sequences of integers defined recursively and Gaussian type integers, we obtain a
new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell,
Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-
Padovan numbers; Gaussian Tribonacci numbers.

In 1963, Horadam [12] introduced the concept of complex Fibonacci number called as the Gaussian
Fibonacci number. Pethe [13] defined the complex Tribonacci numbers at Gaussian integers, see
also [14]. There are other several studies dedicated to these sequences of Gaussian numbers such
as the works in [15], [16], [17], [14], [18], [19], [20], [12], [21], [22], [23], [24], [25], [26], [27], among
others.
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2 Gaussian Generalized Tetranacci Numbers

Gaussian generalized Tetranacci numbers {GV;, }n>0 = {GV,(GVo, GVi, GV, GV3) }, >0 are defined
by
GV =GVa1 + GVyp—o + GV + GVi—y, (2.1)

with the initial conditions
GVo =co+i(cs —c2 —c1 —co),GV1 = ¢c1 + ico, GVa = ¢c2 + ic1, GV3 = c3 + ica,
not all being zero. The sequences {GV, }n>0 can be extended to negative subscripts by defining
GV_p = —GV_(n_1) = GV_(n_2) = GV_(n_3) + GV_(n_yg)
for n =1,2,3,.... Therefore, recurrence (2.1) hold for all integer n. Note that for n > 0
GV =Vy+iViuo1. (2.2)
and

Gv—n =V o +iV_on

The first few generalized Gaussian Tetranacci numbers with positive subscript and negative
subscript are given in the following Table 3:

Table 3. A few generalized Gaussian Tetranacci numbers

n GV, GV_,

0 Co+i(C3—CQ—Cl—Co) Co—|—i(Cg—Cz—C1—Co)

1 c1 + ico (Cg —Ccy —C1 — Co) + i(202 — 03)
2 c2 + ic1 2co — c3 + 1(201 — C2)

3 C3 =+ 7:62 261 — C2 —+ 7:(260 — 61)

4 co+c1+ ca+c3+ics 2co — 1 +i(203—300—261 —262)

We consider two special cases of GV, : GV, (0,1,1+1,241) = GM, is the sequence of Gaussian
Tetranacci numbers and GV, (4—14, 144,341, 7+3i) = GR,, is the sequence of Gaussian Tetranacci-
Lucas numbers. We formally define them as follows:

Gaussian Tetranacci numbers are defined by
GM, =GMp-1+GMpu_—2+GMn_3+ GM,_4, (2.3)

with the initial conditions

GMo=0,GM1 =1,GMs =144, GMz =2+
and Gaussian Tetranacci-Lucas numbers are defined by

GR,=GRn-1+GRy—2+GRu_3+GRn_4 (2.4)
with the initial conditions

GRo=4—14,GRy =1+4i,GRs =3 +i,GRs = 7+ 3i.

Note that for n > 0
GMn = Mn + iMnfh GRn = Rn + iRnfl

and
GM_, =M_, +iM_,_1,GR_, = R_,, + iR_p,_1.
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Next, we present the first few values of the Gaussian Tetranacci and Tetranacci-Lucas numbers
with positive and negative subscripts in the following Table 4:

Table 4. A few Gaussian Tetranacci and Tetranacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8
GM, 0 1 1+ 2+ 4+ 2 8+ 44 15+8  29+15¢ 56429
GM_, 0 0 1 1—1 -1 0 29 2—3i -3+
GR, 4—9 144 3+1 7+ 3i 15+7¢ 26+15: 51+26c 99451 191+ 99
GR_, 4—-i —-1—-¢ —-1—4¢ =147 T7-6¢ —6—1 —1—4 —1+415 15—19;

The following Theorem presents the generating function of Gaussian generalized Tetranacci
numbers.

THEOREM 2.1. The generating function of Gaussian generalized Tetranacci numbers is

given as
GVo + (GVi — GVo)z + (GVo — GVi — GVp)a® 4 (GVs — GVa — GVi — GVo)z?
fav, (z) = 1 SR S— . (2.5)
—r—z? -3 —x
Proof. Let

fby%(x)::E:(§thn
n=0

be generating function of Gaussian generalized Tetranacci numbers. Then using the definition of
generalized Gaussian Tetranacci numbers, and substracting 2 f(2), z f(x), 3 f(x) and 2* f(2) from
f(z) we obtain (note the shift in the index n in the third line)

1l-—z-— 22— 2 — x4)fgvn (z)

= i GVpz" — = i GVpaz" —a° i GVpa" —a° i GVpa" —a' i GVpa"
n=0 n=0 n=0 n=0 n=0

= i GVyx" — i GV,z"t! — i GV,z"t? — i GV,z"t3 — i GV,z"tt
n=0 n=0 n=0 n=0 n=0

= D GVaar" =D GVaaz" =) GVuoa" = > GVaga" =Y GVyoaa"
n=0 n=1 n=2 n=3 n=4
= (GVo + GViz + GVaz® + GVaz®) — (GVox + GViz® + GVaz®) — (GVoz® + GViz®) — GVoz®

+) (GVo = GVyy = GV o = GV g — GV _g)a”

n=4

= GV + (GVi — GVo)z + (GVa — GVi — GVo)z® + (GVz — GVa — GVi — GVy)a®
Rearranging above equation, we get

GV + (GVi — GVp)z + (GVa — GVi — GVy)z® + (GVs — GVa — GVi — GVy)®
- 1—z— 22— 23—t '

fav, ()

The previous Theorem gives the following results as particular examples: the generating function
of Gaussian Tetranacci numbers is

. 2
T+
fer, (@)= T — 55

(2.6)
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and the generating function of Gaussian Tetranacci-Lucas numbers is

o (z) = —(14d)z® - (2+2)z* — (3 - 5z)ac—|—4—z 2.7)

1l—z—22— 23— 24

The result (2.6) is already known, (see [25]).
We now present the Binet formula for the Gaussian generalized Tetranacci numbers.

THEOREM 2.2. The Binet formula for the Gaussian generalized Tetranacci numbers is
GVn — (Aan—ﬁ —|—B,8n_6 —|—C"}/n_6 +D’}/n_6) —|—z'(Aa"_7 —|—Bﬂn_7 —|—C"}/n_7 —|—D"}/n_7)
where A, B,C and D are as in Corollary (1.3).

Proof. The proof follows from Corollary ( 1.3) and GV, =V, +iVp—1.

The previous Theorem gives the following results as particular examples: the Binet formula for
the Gaussian Tetranacci numbers is

ant2? " gnt2 antl n g+l
GMn:( (a— B)(a ’]r)(a d) (8- a)(ﬁ v)(B 3) >+z( (a— B)(a ’1)(04 d) (8- C%)(B v)(B %) )

SR Ry e oy fl ey 5)(6 ) SR Ry e oy dl ey o B)(5 )

or
a—1 n—1 5_1 n—1 ’7_1 n—1 -1 n—1
M, = 5
¢ <5a—8a t55-8” ts—g" 5 — 8
a—1 n—2 ﬁil n—2 ’Y*l n—2 0—-1 n—2
5
+(5a—8a tsi-s” T 8" twi-s

and the Binet formula for the Gaussian Tetranacci-Lucas numbers is

GRn — (an _’_/Bn _'_,yn +6n) +i(an71 +ﬁn71 _'_,77171 _’_57171) .

The following Theorem present some formulas of Gaussian generalized Tetranacci numbers.

THEOREM 2.3. For n > 1 we have the following formulas:

(a) (Sum of the Gaussian generalized Tetranacci numbers)

ZGVk = Gvn+2 +2GV, + GVio1 — GVo + GVi — GV3)

(®) >r_ GVory1 = %(ZG‘/QW,+2 + GVap — GVap—1 — 2GVh — GVi — 3GV2 + G'V3)
(c) Y ,GVa = %(QGVan + GVop—1 — GVan—2 + GV — GVi + 3GVa — 2GV3).

Proof.
(a) Using the recurrence relation
GVn = Ganl + GVn72 + Gan?) + GVn74

ie.

GVna =GV, —GVyuo1 = GVip 2 — GV 3
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we obtain

GVo = GVi-GVi—GVa—GW

GVi = GVs—GVi—GVs—GVs

GVa = GVs—GVs—GVi—GVs

GVs = GVi—GVs—GVs— GV,

GV = GVs—GVi—GVs—GVs
GVis = GVp— GVt — GVpo — GV_s
GVies = GVpi1 —GVy — GVt — GViu_s
GV = GVt — GVis1 — GV — GVy
GVii = GViis — GViss — GVig1 — GV

GV = GViia — GVinis — GVisz — GVipr.

If we add the equations by side by, we get

(GVaga — GVigo — 2GVpq1 — GVo + GVi — GV3)

k=1

W= W

(GVag2 +2GVy + GVt — GV + GV1 — GV3).

(b) When we use (2.1), we obtain the following equalities:

GVi = GVio1+GVi—o+GVi_3 4+ GVi_y
GVa = GVa+GVa+ GVi + GV
GVe = GVs+GVi+ GVs+ GVa
GVs = GVe+GVeg+GVs +GVy
GVio = GVo+GVs+ GV +GVs
GVonta = GVapg1 + GVan + GVan—1 + GVap_o.

If we rearrange the above equalities, we obtain

GVs = GVi—GVa -GV — GV

GVs = GVe—GVy—GV; -GV,

GVr = GVz—GVs—GVs —GVy

GVy = GVio—GVzs—GV7 —GVs
GVono1 = GVan — GVan—o — GVan_3 — GVap_4
GVont1 = GVapgo — GVap — GVap—1 — GVap—a.
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Now, if we add the above equations by side by, we get

n 2n—1
Z GVorp1 = GVapgo —GVo — Z GV — GV
k=1 k=1

1
= GVapgo2 —GVo — g(GWQn—1)+4 — GVign—1)42 — 2GV(2n_1)41 — GVo + GV1 — GV3) — GV
1
= GV‘Zn+2 — GV — g(GV2n+3 — GV2n+1 —2GVay — GVo + GV — GVJ) -GV
1
= 75(73GV27L+2 + GV2n+3 — GV2n+1 — 2GVa, +2GVy + GV; + 3GV, — GVg)

1
= §(3GV2n,+2 — GV2n+3 + GVapy1 +2G Vo, —2GVy — GV — 3GV, + GVg,)

and
3GVant2 — GVangs + GVang1 +2GVan = 2GVango + (GVang2 + GVangr + GVan — GVanys) + GVay
2GVan42 + GVayy — GVap 1
So
n 1
Z GVapq1 = §(2GV2n+2 + GVan = GVanoy = 2GVo — GV1 = 3GV + GV3).
k=1
(c) Since
" n 2n+1
ZGVQk+1 + ZGV% = Z GV — GV
k=1 k=1 k=1
we have
n 1
> evi = 5(GVnta = GVnya = 2GVai1 — GVo + GV1 — GV3)
k=1
1
= g(c;vn+2 +2GV,, + GVy_1 — GV + GVi — GV3),
" 1
Z GV2k+1 = §(2GV2“+2 + GVap — GVop_1 — 2GVo — GVi — 3GVa + GVg)
k=1
n 2n+1 n
SGVar = > GV =Y GVagp1 — GV
k=1 k=1 k=1

1
= g(G‘/(Zn+l)+4 — GVignt1)+2 — 2GViapt1y41 — GVo + GVi — GV3)
1
—g(ZGV2n+2 + GVay, — GVap—1 — 2GVy — GV4 — 3GVa + GV3) — GVy

= %(GV2n+5 — GVants — 2GVan 1o — GV + GVi — GV3) + %(72GV2,1+2 — GVan
+GVan_1 +2GVo + GVi +3GV> — GV — 3G V1)

= %(GVM+5 — GVapis —2GVania — GVo + GVi — GVa — 2GVapia — GVay + GVop 1
+2GVo + GVy + 3GVa — GVz — 3GVy)

= %(GVMH, — GVanis — 4GVan o — GVay 4+ GVap_1 + GVo — GVi + 3GVa — 2GV3)

1
= 5(2GV2n+1 4+ GVap_1 — GVap_2 + GV — GV1 + 3GVa — 2GV3)

This completes the proof.

As special cases of above Theorem, we have the following two Corollaries. First one present
some formulas of Gaussian Tetranacci numbers.

COROLLARY 2.4. For n > 1 we have the following formulas:

10
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(a) (Sum of the Gaussian Tetranacci numbers)

" GMi = §(GMasz +2GMy + GMy -y — (1+4))
k=1

(b) i , GMagy1 = 5(2GManta + GMap — GMay 1 — 2 — 2i)
() Yop_i GMap = $(2GMani1 + GMan—1 — GMan_2 — 2 +1).

Second Corollary gives some formulas of Gaussian Tetranacci-Lucas numbers.

COROLLARY 2.5. For n > 1 we have the following formulas:

(a) (Sum of the Gaussian Tetranacci-Lucas numbers)

S GRi = 3 (GRusz + 2GR + GRaos — 10+ 2)
k=1

(b) 22:1 GR2k+1 = %(2GR277,+2 + GRop — GRop—1 — 11 — Zi)
(C) ZZ:l GRo, = %(2GR27L+1 + GRon—-1— GRoyp—20 — 2 — 81)

In fact, using the method of the proof of Theorem 2.3, we can prove the following formulas of
generalized Tetranacci numbers.

THEOREM 2.6. For n > 1 we have the following formulas:

(a) (Sum of the generalized Tetranacci numbers)

- 1
> V= 3 (Va2 +2Va 4+ Vo = Vo + Vi = Va)
k=1

(b) i i Vars1 = 3(2Vanyo + Van — Vano1 — 2Vo — Vi — 3Va + V3)
() Sp_i Vo = 5(2Vany1 + Van—1 — Vano 4+ Vo — Vi + 3V2 — 2V3).

As special cases of above Theorem, we have the following two Corollaries. First one present
some formulas of Tetranacci numbers.

COROLLARY 2.7. For n > 1 we have the following formulas:

(a) (Sum of the Tetranacci numbers)

n 1
ZMk = g(Mn.t,_z +2Mp + Mp_1 —1)
k=1

(b) >y Mogy1 = %(2M2n+2 + Maop — Map—1 — 2)
(e) Yop i Moy = %(2M2n+1 + Map_1 — Man_2 — 2).

Second Corollary gives some formulas of Tetranacci-Lucas numbers.

COROLLARY 2.8. For n > 1 we have the following formulas:

(a) (Sum of the Tetranacci-Lucas numbers)

S R
k=1

(Rn+2 + 2Rn + Rnfl - 10)

Wl =

11
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(b) > i i Roky1 = %(2R2n+2 + Ron — Ron—1 — 11)
() Yp_ i Rk = %(2R2n+l + Raon—1 — Ron—2 — 2).
Note that if the sum starts with the zero then the constant in the formula may only change,

for example

n

= 1 1
> Re=Ro+» Rp=4+ 3 (Rntz +2Rn + Rno1 = 10) = 5 (Rnyz + 280 + Rno1 +2)
k=0

k=1

but
n n n 1
My = M, My = My = = (M, 2M,, + Myp—1 — 1).
kzzo k 0+; k ; k 3( +2 + + 1 )

3 Some Identities Connecting Gaussian Tetranacci and
Gaussian Tetranacci-Lucas Numbers

In this section, we obtain some identities of Gaussian Tetranacci numbers and Gaussian Tetranacci-
Lucas numbers.

First, we can give a few basic relations between {GM,} and {GR,} as

GRn = —GMyy3 + 6GMny1 — GM, (3.1)
GRn = —GMyi2 + 5GMpi1 — 2GM,, — GMn_1 (3.2)

and also
GR, = AGMp41 — 3GM,, — 2GM,_1 — GMp_>. (3.3)

Note that the last three identities hold for all integers n. For example, to show (3.1), writing
GR, = aGMn+3 + bGMn+2 + CGMn.H + dG M,

and solving the system of equations

GRy = aGMs+ bGMs + cGM: + dGMy

GR1 = aGM4+ bGMs + cGMs + dGM;

GR: = aGMs+bGMy+ cGMs + dGM>

GR3 = aGMes+bGMs + cGMy+ dGM3
we find that a = —1,b = 0,¢ = 6,d = —1. Or using the relations GM,, = M, + iM,_1,
GR, = R, + iR,—1 and identity R, = —Mn43 + 6Mpy1 — M, we obtain the identity (3.1).

The others can be found similarly.

We will present some other identities between Gaussian Tetranacci and Gaussian Tetranacci-
Lucas numbers with the help of generating functions.

The following lemma will help us to derive the generating functions of even and odd-indexed
Gaussian Tetranacci and Gaussian Tetranacci-Lucas sequences.

LEMMA 3.1. [28] Suppose that f(x) = > anz™ is the generating function of the sequence
n=0
{an}n>0. Then the generating functions of the sequences {azn }n>0 and {azn+1}n>0 are given as

faza (2) = Y azpa” = w

12
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and
f(WVz) — f(=V7)

oo
fa2n+1 (z) = Y;)Uﬂn-&-litn = NG

respectively.

The next Theorem presents the generating functions of even and odd-indexed generalized
Tetranacci sequences.

THEOREM 3.2. The generating functions of the sequences V2, and Va,41 are given by
Vo (=3Vo + Vo) + (—2Vo + Vi — 2Vo + Vi)z® + (—2Va + V3)a®

Fran () t 423 —322 -3z +1
and
P (@) = Vi+ (—=3Vi+ Va)z + (V04— V13+ 21/22— Vs)z® + (Vo + Vi + Vo — Va)a®
zt 423 - 322 -3+ 1
respectively.

Proof. Both statements are consequences of Lemma 3.1 applied to (1.7) and some lengthy work.

From the previous Theorem we get the following results as particular examples: the generating
functions of the sequences Ms,, and Ma,+1 are given by

frtz,, () = it f (z) = —z’ —a+1
Man W) = o 8 — 302 — 3z + 1 MtV T s 302 — 3+ 1
and the generating functions of the sequences Rz, and Ra,41 are given by
3 2 3 2
z” —6z" -9z +4 z° 42z 44z +1
[Ray, (x) = fR2n+1 (1‘) =

x4+ 23 —322 -3z +1’ zd+ 23 —322 -3z +1°

The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized
Tetranacci sequences.

THEOREM 3.3. The generating functions of the sequences GV2,, and GVa,41 are given by
_ GVo+ (=3GVo + GV2)z + (—2GVy + GVi — 2GVa + GVa)a® + (—2GVa + GVs)z®

fovan = 20+ 2 — 327 — 33 + 1
and
Vo s = GVi + (=3GVi + GV3)z + (GVp —4GV1 ;FQGVZQ — GV3)Q;2 + (GVo + GVi + GV, — GV3)1’3
zt 423 —-32%2 -3z +1
respectively.

Proof. Both statements are consequences of Lemma 3.1 applied to (2.5) and some lengthy
algebraic calculations.

The previous theorem gives the following two corollaries as particular examples. Firstly, the
next one presents the generating functions of even and odd-indexed Gaussian Tetranacci sequences.

COROLLARY 3.4. The generating functions of the sequences G Mz, and GMa,41 are given
by
A4z + (1 —1i)a® —iaz®

4
4+ 23 —3x2 -3x+1 (3.4)

fams, =

13



Soykan; JAMCS, 81(8): 1-21, 2019; Article no.JAMCS.48063

and
1-(1—d)x—(1—1i)a?
xt 4+ 23 — 322 -3z +1

fertpn i = (3.5)

respectively.

The following Corollary gives the generating functions of even and odd-indexed Gaussian
Tetranacci-Lucas sequences.

COROLLARY 3.5. The generating functions of the sequences GRa, and G R2,+1 are given by
(4—i)—(9—4i)z— (6 —T))x® + (1 +1i)2®

faRs, (x) = 2 2% — 322 —3r+1 (30
and ( )+ ( ) ( Yo + ( )z
A+ + A9+ 2—-6i))" +(1+17)x
faRa, 1 (%) = ot + 23 —322 -3 +1 3.9
respectively.

The next Corollary present identities between Gaussian Tetranacci and Gaussian Tetranacci-
Lucas sequences.

COROLLARY 3.6. We have the following identities:
(4 —1)GMan — (9 — 4i) GMan—2 — (6 — 7i) GMap—s + (1 + 1) GMan—s¢
(1+1¢) GRan—2+ (1 — i) GRapn—4 — iGRan—s,
(14+4i)GMan + (4 —91) GMan—2 + (2 — 60) GMa2n—a + (1 + i) GM2n—6
(1+1¢) GRan—1+ (1 — i) GRan—3 — iGRan—5),
(4 — 1) GMans1 — (9 — 44) GMap—1 — (6 — 71) GMan—_3 + (1 + i) GMapn—s
= GR2, — (1 —=4)GRan—2 — (1 —1))GRan-1a

(1+49)GMani1 + (4 — 9i) GMap_1 + (2 — 6i) GMan_3+ (1 + i) GM2n s
= GRont1 — (1 —i)GRan—1 — (1 —4))GRan—3

Proof. From (3.4) and (3.6) we obtain
(=) = (9= i)z — (6 = 7i) 2" + (1 +4)2°) farr, = (L + 1) 2+ (1= i)2” —ia”) fan,,.
The LHS (left hand side) is equal to

LHS = ((4—1i)—(9—4i)z—(6—"7i)z> + (1+14)z°) i GMapz"
= G- +(G+3)z+ i((zx — )G May, — (9 — 4i) GMay, o

- (6 - 72) GMop_4 + (1 —+ Z) GMznfe)a?n
whereas the RHS is

RHS = ((1+i)z+(1—1i)2”—iz") ) GRopa"

n=0

= (5-0)2®+(G+3)z+ Y ((14i)GRon 2+ (1—i) GRan—4 — iGRan_¢)z".

n=3

14



Soykan; JAMCS, 81(8): 1-21, 2019; Article no.JAMCS.48063

Compare the coefficients and the proof of the first identity is done. The other identities can be
proved similarly by using (3.4)-(3.7).

We present an identity related with Gaussian general Tetranacci numbers and Tetranacci
numbers.

THEOREM 3.7. For n > 0 and m > 0 the following identity holds:

GVm+n - Mm—2GVn+3 + (Mm—3 + Mm—4 + Mm—S)GVn+2 + (Mm—S + Mm—4)GVn+1 + Mm—SGVn
(3.8)

Proof. We prove the identity by strong induction on m. If m = 0 then
GV =M _2GViys+(M_3+ M_4s+ M_5)GVyyo+ (M_5+ M_4)GVpi1 + M_3GV,
which is true because M_o =0, M_3 =1, M_4 = —1, M_5 = 0,. Assume that the equaliy holds for
m < k. For m = k 4+ 1, we have
GV(k+1)+n = GVosk +GVpgro1 +GVoyp—2+GVptp_3
= (Mgp—2GViys + (Mi—3 + Mg_g + My_5)GViyo + (Mg_3 + Mg_4)GViy1 + Mp_3GVy)
+(My—3GVnts + (Mg—a + My—5 + My—6)GVnt2 + (Mg—g + My_5)GVny1 + Mk_sGVr)
+(My—aGVnqs + (My—5 + My—6 + M_7)GVnt2 + (Mg—5 + Mg_6)GVny1 + Mp_5GVr)
+(My—5GVnts + (Mg—6 + My—7 + My_g)GVni2 + (Mg—¢ + My—7)GVny1 + Mp_eGVn)
= (Mp_2+ M3+ Mp_g+ M_5)GViys
+((Mg—3 + Mp—g + Mg_5+ My_¢) + (Mg—a + My_5 + My + My_7)
+(Mp—5 + My + My_7 + Mi_g))GVit2
+((Mg—3 + Mg—4 + My—5 + My_¢) + (Mi—a + Myg_5 + My_6 + My—7))GVn11
+(Myg—3+ Mg—g + My_5+ My,_6)GVr
= Mg 1GVpg3+ (Mg—2+ Mi—3 + My—4)GVni2 + (Mg—2 + M_3)GVni1 + Mg_2GVy
= Mpy1)—2GVats + (My1)y—3 + Mgg1)—a + Mq1)—5)GVat2
+(Mg11)—3 + Mky1)-4)GVai1 + Mp41)-3GVa

By strong induction on m, this proves (3.8).

The previous Theorem gives the following results as particular examples: For n > 0 and m > 0,
we have (taking GV,, = GM,,)

GMm+n = Mm72GMn+3+(Mm73+Mmf4+Mm75)GMn+2+(Mm73+Mmf4)GMn+1+Mm73GMn
and (taking GV, = GR,,)
GRm+n = Mm72GRn+3 + (Mm73 + Mm74 +Mm75)GRn+2 + (Mm73 + Mm74)GRn+l +Mm73GRn-

4 Matrix Formulation of GV,

Now, consider the sequence {U,} which is defined by the fourth-order recurrence relation
Uyo,=Un-14+Un—2+Un—3+Upn_a, Up=U =0,U =Usz = 1.

Next, we present the first few values of numbers U, with positive and negative subscripts in the
following Table 5:

15



Soykan; JAMCS, 81(8): 1-21, 2019; Article no.JAMCS.48063

Table 5. A few values of the numbers U,

n o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Uu,. 0 0 1 1 2 4 8 15 29 56 108 208 401 773 1490
v, 0 0 1 -1 0 0 2 -3 1 0 4 -8 5 -1 8

Note that some authors call {U,} as a Tetranacci sequence instead of {M,}. The numbers U, can
be expressed using Binet’s formula

o g " o
@—BAa-N@=20 B-a)B-1B-0 (—a-Ar-0 G-a0-A0-7)

U, =

The matrix method is very useful method in order to obtain some identities for special sequences.
We define the square matrix A of order 4 as:

OO
S = O =
= o O
oo O =

such that det M = —1. Induction proof may be used to establish

Mpy1r  Mp+Mp1+ Myo My + My M,
An M, My 1 +My_o+M,_35 Muy_1+M,_o M,_

My Mp 2+ My 3+Myy My o+ My3 M,
Mp—2 Mp3+ My g+ My 5 Mys+Mya My

Uny2e Unp1 +Un +Upa U1 +Un Unya

Un+l Un"'Unfl +Un72 Un+Un71 Un (4 2)
Un U1+ Un24+Un3z Un-1+Un_2 Un_1 '

Ut Un2+Upn34+Ung Un2+Un-3z Un-2

Uni2 Uny2—Un—2  Unt1+Un  Unpr

- Un+1 Un+1 —Upn_3 U, +Up_1 U, (4 3)
Un Un - Un—4 Un—l + Un—2 Un—l ’ '

Un—l Un—l - Un—5 Un—2 + Un_3 Un_g

(4.1)

Matrix formulation of M,, and R,, can be given as

M3 1 1 1 1\"/ Ms

Mupso | [ 1 0 0 0 Mo

Moz | L 01 0 0 M, (4.4)
M, 00 1 0 Mo

and

Rnis 1 1 1 1\"/ Rs

Roiz | [ 1 0 00 R>

Roov | | 01 00 Ry |’ (4.5)
R, 00 1 0 Ro

Induction proofs may be used to establish the matrix formulations M,, and R,,. Note that

GM, = iUy, + Uny1.

16
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Consider the matrices Nas, Enr defined by as follows:

241 1+¢ 1 0

- 1+i 1 0 0
Nar = 1 0 0 i

0 0 i 1—4

GMuis GMuys GMny1  GM,
By — GMn+2 GMpy1  GM,  GMp
Mo GMuy1  GM, GMu—y GM,_»

GM, GMp,—1 GM,—o GM,_3
Next Theorem presents the relations between A", Ny and Epy.

THEOREM 4.1. For n > 3, we have
AnNM = Fum.

Proof. Using the relation
GM,, = iUy + Upn41,
and the calculations
a = Q+)Un+ 1A+ Un14+ 2+ 1) Uns1+ (2+1) Ung2

= 22U, +iUn 4+ Upn—1 +tUn—1 4+ 2Un41 + iUp41 + 2Un42 + iUpn+2
= (Unt2 +Uns1 +Un 4+ Unz1) + (2Ung2 + 2Ung1 + 2Un + Un—1)
= tUn+3+ (Unt2 + Uns1 + Un + (Ung2 + Upns1 + Un + Un—1))

= Unt3+ (Un+2 + Unt1 + Un + Ung3) = tUnt3 + Unta = GMpy3

and
Up+Up-14Upnt1+ Q14+ Unr2a = Un+Un-14+Upg1+ Uny2 +iUnt2
= iUn+2 + Un+3 - GMn+27
we get
Un+2 Un+1 + Un + Un—l Un+1 + Un Un+1 2 + ’L 1 + 'L
AnN _ Un+1 Un+Un—1+Un72 Un‘i’Unfl Un 1+Z 1
M o Un Unfl + Un72 + Un73 Unfl + Un72 Unfl 1 0
Un—l Un—2 + Un—S + Un—4 Un—2 + Un—3 Un—2 0 0

GMnJrS GMn+2 GMn+1 GMn

GMny2 GMpy1w  GM, GM,_,

GMpy1  GM, GMp—1 GM,—»
GM, GM,-1 GM,—2 GM,_3

Above Theorem can be proved by mathematical induction as well.
Consider the matrices Ng, Er defined by as follows:

T+3 3+1 1+4 4—13

N - 34+4i 1+4+4i 4—i —1-—i
R = 1445 4—i —1—i —1—3i
4—i —1—4i —1—i —14+T7i

GRntys GRni2 GRni1 GR,

B GRpi2 GRnt1  GR. GRa_:

r= GRny1  GR., GRn_i1 GRn_»

GR, GR,-1 GR,_2 GR,_3

= O O =

17
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The following Theorem presents the relations between A", Nr and Erg.

THEOREM 4.2. We have
A"Ng = Eg.

Proof. The proof requires some lengthy calculation, so we omit it.
The previous Theorem, also, can be proved by mathematical induction.
Similarly, matrix formulation of V;, can be given as

n

Virs 11 1 1 Vs
Vito _ 1 0 0 O Va
Varr ||l 01 00 Vi
Vi 0 0 1 0 Vo
Consider the matrices Ny, Ev defined by as follows:
ica+cs ic1+co ico+cy a1
N _ ic1+co ico+cy (1 —i)cy—icy—ica+ics as
V.= ico+cy (1 — i)cy—ic1 —ica+ics (1—i)cg—e1—(1 — 2i)ey—cy a3
(1 —d)cq—icy—icotics (1 —i)eg—e1—(1 — 2i)c,—co 2ic1+(2 — i)cy—cs as
G‘/n+3 G‘/n+2 GVn+1 GVn
B _ GVopr2 GVpga GV, GVn1
Vo= GVns1 GV GVir GVps
GV, GVno1 GVip—o GVip—s
where
a = (1 — i)Co —4c1 — e + ic3
a2 = (17i)03 — C1 — (172i)02 — Co
as = 21'01 —+ (2 — i)CQ — C3
as = 2ico + (2 — i)Cl — C2.

We now present our final Theorem.

THEOREM 4.3. We have
A"Ny = Ey.

Proof. The proof requires some lengthy work, so we omit it.

5 Conclusions

Recently, there have been so many studies of the sequences of numbers in the literature that
concern about subsequences of the Horadam numbers and generalized Fibonacci numbers such as
Fibonacci, Lucas, Pell and Jacobsthal numbers; Tribonacci, Tribonacci-Lucas, Padovan, Perrin,
Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas numbers. If
we use together sequences of integers defined recursively and Gaussian type integers, we obtain a
new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell,
Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-
Padovan numbers; Gaussian Tribonacci numbers.

18
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This study proposes to introduce the concept of the Gaussian generalized Tetranacci numbers,

and as special cases, Gaussian Tetranacci and Gaussian Tetranacci-Lucas numbers.

We can summarize the sections as follows:

e In the section (1), we present some background about generalized Tetranacci numbers and
Gaussian numbers.

e In the section (2), we define Gaussian generalized Tetranacci numbers and as special cases, we
investigate Gaussian Tetranacci and Gaussian Tetranacci-Lucas numbers with their properties
such as the generating functions, Binet’s formulas and sums formulas of these Gaussian
numbers.

e In the section (3), we obtain some identities of Gaussian Tetranacci numbers and Gaussian
Tetranacci-Lucas numbers.

e In the section (4), we give matrix formulation of Gaussian generalized Tetranacci numbers.

It is our intention to continue the study and explore some properties of this type of sequences,

such as Gaussian Pentanacci numbers.
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