British Journal of Mathematics & Computer Science
11(1): 1-28, 2015, Article no.BJMCS.16961
ISSN: 2231-0851

British Journal of
Mathematics

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

Distributional Schwarzschild Geometry from Non
Smooth Regularization Via Horizon

Jaykov Foukzon'*

L Center for Mathematical Sciences, Israel Institute of Technology, Haifa, Israel.

Article Information

DOL: 10.9734/BJMCS/2015/16961

Editor(s):

(1) Orlando Manuel da Costa Gomes, Professor of Economics, Lisbon Accounting and Business
School (ISCAL), Lisbon Polytechnic Institute, Portugal.

(2) Jaime Rangel-Mondragon, Faculty of Informatics, Queretaros Institute of Technology, Mexico
Faculty of Computer Science, Autonomous University of Quertaro, Mexico.

Reviewers:

(1) Anonymous, Ghana.

(2) Srgio Costa Ulhoa, Universidade de Braslia, Brazil.

(3) Anonymous, The University of Burdwan, Burdwan, India.

Complete Peer review History: http://sciencedomain.org/review-history/10475

Original Research Article

Received: 20 February 2015
Accepted: 06 May 2015
Published: 11 August 2015

Abstract

In this paper we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon.Using nonlinear distributional geometry and Colombeau generalized functions it
seems possible to show that the horizon singularity is not only a coordinate singularity without
leaving Schwarzschild coordinates.However the Tolman formula for the total energy Er of a static

and asymptotically flat spacetime,gives Er = m, as it should be.
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1 Introduction

1.1 The Breakdown of Canonical Formalism of Riemann Geometry
for the Singular Solutions of the Einstein Field Equations

Einstein field equations were originally derived by Einstein in 1915 in respect with canonical
formalism of Riemann geometry,i.e. by using the classical sufficiently smooth metric tensor, smooth
Riemann curvature tensor, smooth Ricci tensor,smooth scalar curvature, etc.. However have soon
been found singular solutions of the Einstein field equations with singular metric tensor and singular
Riemann curvature tensor.

These singular solutions were formally accepted beyond rigorous canonical formalism of Riemannian
geometry.

Remark 1.1.Note that if some components of the Riemann curvature tensor R}, (&) become
infinite at point #° one obtains the breakdown of canonical formalism of Riemann geometry in
a sufficiently small neighborhood Q of the point #° € Qi.e. in such neighborhood © Riemann
curvature tensor Ry, (2) will be changed by formula (1.7) see remark 1.2.

Remark 1.2.Let I be infinitesimal closed contour and let p be the corresponding surface spanning
by I, see Pic.1. We assume now that: (i) christoffel symbol '}, (Z) become infinite at singular point
£ by formulae

{ ki (2) < Bt (2) (i — 27) (1.1)

and(ii)? € Yr.Let us derive now to similarly canonical calculation [1]-[2] the general formula for the
reqularized change AAy in a vector A; (&) after parallel displacement around infinitesimal closed
contour I'. This regularized change AAj can clearly be written in the form

AA =r ® (2 — i°) 6 As, (1.2)
] 4 0)26 . . .
where ® (x - ) =i—o (a:L — xl) ,0 > 1 and where the integral is taken over the given contour

I'. Substituting in place of §Aj the canonical expression § Ay = Ik, (2) Arda’ (see [2],Eq.(85.5)) we
obtain

AAy =r & (3 — 2°) §Ay =1 ® (2 — 2°) T (2) Arda’ , (1.3)
where
aAl i ~
Dl :sz( ) A (1'4)

Now applying Stokes’ theorem (see [2],Eq.(6.19)) to the integral (1.3) and considering that the
area enclosed by the contour has the infinitesimal value Af'™, we get
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AAy =p @ (3 — 2°) Th (&) Apda =

1 [T @) Ai® (2 -2°) O (Thi (&) Ai® (x_$0)):| '™ ~
o @A) o <9?">Ai‘1’(”3‘£0))] S
ozt oz 2
a0y O Thm @80 A) o 02 (8 —8°)
P (x - xo) b o7l + ( fem () Ai) B (1.5)
9 (T (2) A . 0P (& — &° tm
-¢ (2 —2°) (ngm) ) — (Dh (2) A) q)(axm ) AJ; =
0 (s - 30) 20m @A) g o) 0T @A) _
Ai (2) @ (2 - 2°) Qf’i’”f ERAOLICEEY M] i2m

Substituting the values of the derivatives (1.4) into Eq. (1.5), we get finally:
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Ai (2)® (2 —2°) Af™

AA = Ri,. 5 , (1.6)
where Rfclm, is a tensor of the fourth rank
. ) Fl -, 1‘17, -,
Ry = Rigm + 26 | (5"0) _ D@ (1.7)

T — ] Tm — 29,
Here Ryim® is the classical Riemann curvature tensor.That E}i:lm is a tensor is clear from the fact
that in (1.6) the left side is a vector—the difference AAj between the values of vectors at one and
the same point.

Remark 1.3. Note that similar result was obtained by many authors [3]-[15] by using Colombeau
nonlinear generalized functions [16]-[17].

Definitionl.1. The tensor -E;clrn is called the generalized curvature tensor or the generalized
Riemann tensor.

Definitionl1.2. The generalized Ricci curvature tensor Ekm is defined as

R= gkm élmn- 19)

Definition1.3. The generalized Einstein tensor ékm is defined as

~ ~ 1 ~
Remark 1.4. Note that in physical literature the spacetime singularity usually is defined as
location where the quantities that are used to measure the gravitational field become infinite in
a way that does not depend on the coordinate system. These quantities are the classical scalar
invariant curvatures of singular spacetime, which includes a measure of the density of matter.

Remark 1.5. In general relativity, many investigations have been derived with regard to singular
exact vacuum solutions of the Einstein equation and the singularity structure of space-time. Such
solutions have been formally derived under condition

T (z) =0, (1.11)
whereT),(x) = 0 represent the energy-momentum densities of the gravity source. This for example

is the case for the well-known Schwarzschild solution, which is given by, in the Schwarzschild
coordinates (2°,7,0, ¢),

Ts

ds® = —h (r) (dz®)® + k=" (r) (dr)® + r* [(df)* + sin® 6(de)?] ,h(r) =1 — P (1.12)
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where, 75 is the Schwarzschild radius rs = 2GM/c* with G, M and ¢ being the Newton gravitational
constant, mass of the source, and the light velocity in vacuum Minkowski space-time, respectively.
The metric (1.12) describe the gravitational field produced by a point-like particle located at r = 0.

Remark 1.6. Note that when we say, on the basis of the canonical expression of the curvature
square

RO (1) Ry () = 1202 Liﬁ} (1.13)

formally obtained from the metric (1.12), that » = 0 is a singularity of the Schwarzschild space-
time, the source is considered to be point-like and this metric is regarded as meaningful everywhere
in space-time.

Remark 1.7. From the metric (1.12), the calculation of the canonical Einstein tensor proceeds in
a straighforward manner gives for r # 0

W) 14h() g aogy — gy = M0 RO oy
’ 4 2 72 '

G (r) = Gy (r) = —

7 72

where h (r) = —1 + r,/r.Using Eq.(1.14) one formally obtain boundary conditions

G:(0) 2 lim G} (r) = 0,G% (0) 2 limG?. (r) = 0,
0y & e a0 (1.15)
Gy (0) = hr%Gg (r)=0,GZ(0) = hnéGi (r)y=0.
T T

However as pointed out above the canonical expression of the Einstein tensor in a sufficiently small
neighborhood €2 of the point = 0 and must be replaced by the generalized Einstein tensor G,
(1.10). By simple calculation it is easy to see that

Gt (0) £ limGi (r) = —00, G} (0) £ lim G (r) = —oc,
G5 (0) 2 1im G (r) = foo,éi (0) = lirr(le:'i (r) = —o0.

r—0

(1.16)

and therefore the boundary conditions (1.15) are completely wrong. But other hand as pointed out
by many authors [3]-[15] that the canonical representation of the Einstein tensor, valid only in a
weak (distributional) sense,i.e. [10]:

GE (3) = —8Tmdgsls® (3) (1.17)

and therefore again we obtain Gj (0) = —oo X (586,?) .Thus canonical definition of the Einstein
tensor is breakdown in rigorous mathematical sense for the Schwarzschild solution at origin r» = 0.

1.2 The Distributional Schwarzschild Geometry

General relativity as a physical theory is governed by particular physical equations; the focus of
interest is the breakdown of physics which need not coincide with the breakdown of geometry.
It has been suggested to describe singularity at the origin as internal point of the Schwarzschild
spacetime, where the Einstein field equations are satisfied in a weak (distributional) sense [3-15,
18,19,20,21,22].



Foukzon; BJMCS, 11(1), 1-28, 2015; Article no.BJMCS.16961

1.2.1 The smooth regularization of the singularity at the origin

The two singular functions we will work with throughout this paper (namely the singular components

1 1
of the Schwarzschild metric) are — and , 7s > 0.Since = € L},.(R?), it obviously gives the
r r

r—rs
1

regular distribution =~ € D’(R?). By convolution with a mollifier (p) (z) (adapted to the symmetry
r

of the spacetime, i.e. chosen radially symmetric) we embed it into the Colombeau algebra G (RS)
[22]:

tau(3)2(H)ee2 (1)p = 2w (L) e, (1.18)

Inserting (1.18) into (1.12) we obtain a generalized Colombeau object modeling the singular Schwarzschild
spacetime [22]:

(ds?)s = (h8 (r) (dt)2)5 - (h;1 (r) (dr)Q)8 + 72 [(d9)2 + sin? H(dqﬁ)ﬂ ,

he (r) = —1+4rs <%)g’€€ (0,1]. (1.19)

Remark 1.8.Note that under regularization (1.18) for any € € (0, 1] the metric

ds? = he (r) (dt)®> — ho' (r) (dr)® + 72 [(d9)? + sin® O(d¢)?]

obviously is a classical Riemannian object and there no exists an the breakdown of canonical
formalism of Riemannian geometry for these metrics, even at origin r = 0. It has been suggested
by many authors to describe singularity at the origin as an internal point, where the Einstein field
equations are satisfied in a distributional sense [3-15, 18,19, 20,21,22]. From the Colombeau metric
(1.19) one obtain in a distributional sense [22]:

(R% (r, E))e _ (Rg)a _ h'Er(r) i 1 +;lzs (r)

(78 re), = (1), = ("5 + 22} = —amma®).

0 (r)

r2 ’

= 8mm

(1.20)

Hence, the distributional Ricci tensor and the distributional curvature scalar (R (r))_ are of é-type,
§(r)

rz -

Le. (R (r)) =mm

Remark 1.9. Note that the formulae (1.20) should be contrasted with what is the expected result
G¢ (z) = —8mmdgops® (x) given by Eq.(1.17). However the equations (1.20) are obviously given
in spherical coordinates and therefore strictly speaking this is not correct, because the basis fields

0 0 0
{87" dp’ 00
requires a basis regular at the origin. Transforming the formulae for (R;; (€))sps into Cartesian
coordinates associated with the spherical ones, i.e., {r, ¢, 0} <+ {z'}, we obtain, e.g., for the Einstein
tensor the expected result G¢ (x) = —87mmd§dys> (z) given by Eq.(1.17), see [22].

} are not globally defined. Representing distributions concentrated at the origin



Foukzon; BJMCS, 11(1), 1-28, 2015; Article no.BJMCS.16961

1.2.2. The nonsmooth regularization of the singularity
at the origin

The nonsmooth regularization of the Schwarzschild singularity at the origin » = 0 is considered by
N. R. Pantoja and H. Rago in paper [10]. Pantoja non smooth regularization regularization of the
Schwarzschild singularity are

(he (1)), = —1+ (7;—‘9@(7“—5)) ee(0,1],r <7 (1.21)
€

Here © (u) is the Heaviside function and the limit € — 0 is understood in a distributional sense.Equation

(1.19) with h. as given in (1.21) can be considered as an regularized version of the Schwarzschild

line element in curvature coordinates. From equation (1.21), the calculation of the distributional

Einstein tensor proceeds in a straighforward manner. By simple calculation it gives [10]:

(1.22)

and

(G4 (). = (GE (r,e)), = — (”ﬁ”)e _ (hf W)g _

r2

e (@) _r, (T%dilr(s(r - g)) - 45%.

£

(1.23)

which is exactly the result obtained in Ref. [7] using smoothed versions of the Heaviside function
O(r —¢). Transforming now the formulae for (G§ (r,¢€)). into Cartesian coordinates associated with
the spherical ones, i.e.,

r, 0,0} <+ {x'}, we obtain for the generalized Einstein tensor the expected result given by Eq.(1.17)

G¢ (z) = —8mmdgsgs® (z), (1.24)
see Remark 1.9.

1.2.3 The smooth regularization via Horizon

The smooth regularization via Horizon is considered by J.M.Heinzle and R.Steinbauer in paper [22].

Note that

1
¢ Li,.(R®). An canonical regularization is the principal value vp ( > €
rT—"Ts r—Ts

D'(R?) which can be embedded into G (R?) [22]:

r_lTS SVp<r_1TS) S {ps*vp (r—lr)] 2 (r_lrs)a €g(R%. (1.25)

Inserting now (1.25) into (1.12) we obtain a generalized Colombeau object modeling the singular
Schwarzschild spacetime [22]:

(ds?)_ = (h(r) (dt)®)_— (hz' (r) (dr)?)_+r® [(d6)* + sin® 0(de)?] ,
h(r)=-1+ %,hs‘l (r)=—1—r, (ﬁ) e e (0,1].

€

(1.26)
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Remark 1.10. Note that obviously Colombeau object, (1.26) is degenerate at r = r5, because h(r)
is zero at the horizon. However, this does not come as a surprise. Both h(r) and h~(r) are positive
outside of the black hole and negative in the interior. As a consequence any smooth regularization
of h(r) (or h™') must pass through zero somewhere and, additionally, this zero must converge to
r = rs as the regularization parameter goes to zero.

Remark 1.11.Note that due to the degeneracy of Colombeau object (1.26), even the distributional
Levi-Civitd connection obviously is not available [23].

1.2.4 The nonsmooth regularization via Gorizon

In this paper we leave the neighborhood of the singularity at the origin and turn to the singularity
at the horizon. The question we are aiming at is the following: using distributional geometry (thus
without leaving Schwarzschild coordinates), is it possible to show that the horizon singularity of
the Schwarzschild metric is not merely a coordinate singularity. In order to investigate this issue
we calculate the distributional curvature at the horizon in Schwarzschild coordinates.

The main focus of this work is a (nonlinear) superdistributional description of the Schwarzschild
spacetime. Although the nature of the Schwarzschild singularity is much “worse” than the quasi-
regular conical singularity, there are several distributional treatments in the literature [6], mainly
motivated by the following considerations: the physical interpretation of the Schwarzschild metric is
clear as long as we consider it merely as an exterior (vacuum) solution of an extended (sufficiently
large) massive spherically symmetric body. Together with the interior solution it describes the
entire spacetime. The concept of point particles—well understood in the context of linear field
theories—suggests a mathematical idealization of the underlying physics: one would like to view
the Schwarzschild solution as defined on the entire spacetime and regard it as generated by a point
mass located at the origin and acting as the gravitational source.

This of course amounts to the question of whether one can reasonably ascribe distributional
curvature quantities to the Schwarzschild singularity at the horizon.

The emphasis of the present work lies on mathematical rigor. We derive the “physically expected”
result for the distributional energy momentum tensor of the Schwarzschild geometry, i.e., T§ =
87rm6<3)(f), in a conceptually satisfactory way. Additionally, we set up a unified language to
comment on the respective merits of some of the approaches taken so far. In particular, we
discuss questions of differentiable structure as well as smoothness and degeneracy problems of the
regularized metrics, and present possible refinements and workarounds.These aims are accomplished
using the framework of nonlinear supergeneralized functions (supergeneralized Colombeau algebras
G(R?,%)).Examining the Schwarzschild metric (1.12) in a neighborhood of the horizon, we see that,
whereas h(r) is smooth, h™*(r) is not even Lj,. (note that the origin is now always excluded from our
considerations; the space we are working on is R3\{0}). Thus, regularizing the Schwarzschild metric
amounts to embedding h " into G(R?, ) (as done in (3.2)).Obviously, (3.1) is degenerate at 7 = 2m,
because h(r) is zero at the horizon. However, this does not come as a surprise. Both h(r) and h™*(r)
are positive outside of the black hole and negative in the interior. As a consequence any (smooth)
regularization hX () (hZ (r)) [above (below) horizon] of h(r) must pass through small enough vicinity
of (2m) = {1':' € R3|||Z|| > 2m, || — 2m]| < e} (O (2m) = {1':' € R3|||Z|| < 2m, || & — 2m]| < e})
of zeros set Op (2m) = {i € R?|||§]| = 2m} somewhere and, additionally, this vicinity OF (2m)
(OZ (2m)) must converge to Op (2m) as the regularization parameter e goes to zero.Due to the
degeneracy of (1.12), the Levi-Civita connection is not available. Consider, therefore, the following
connections I‘zjl (e) = szl [hd] € G(R?, %) and I‘,:jl (e) = I‘,:jl [hd] € G(R®, %) :
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I (e) = 1[((9?)71)] (g ) mrg + (98 mie — (9 ) kgm)s
- t - B (1.27)
Lyj(e) = 5[(( <) N9 Y mms 4 (98 Ymjk — (9 )kgm)-
PH (0),T'; ! (0) coincides with the Levi-Civita connection on R3\{r = 2m}, as (¢7) =9, (95) =9

La

l

)
and (99 ) g7 ', (g5)"" = g~ " there.Clearly,connections F;r]l (€),I'y;
 (

metric gE i.e.

(Re1)) = ([ReT5), = —mib(em),
([R;]i)e = ([RZB)E = m®(2m).

Investigating the weak limit of the angular components of the generalized Ricci tensor using the
abbreviation

T 27
= [sin0df [ dpd(z)
0 0

and let ®() be the function ®(Z) € SF (R®) (®(%) € S, (R?)), where by S5 (R?) (S5, (R?)) we
denote the class of all functions ®(Z) with compact support such that:

(e) respect  the regularized
gf:)ij;k = 0. Proceeding in this manner, we obtain the nonstandard result

(1.28)

(i) supp(®(7)) C {7]||Z] > 2m} (supp(®(@) C {Z| ||| < 2m}) (i) (r) € C* (R). Then
for any function ®(Z) € Si, (R®) we get:

w -lim [RY]) = w -lim [RF]) = m (3]@) = —mb(2m),
w -lim [R;]i =w - hm [Ro ](0] = m<6|¢’> = m®(2m),

e—0 e—0

(1.29)

i.e., the Schwarzschild spacetime is weakly Ricci-nonflat (the origin was excluded from our considerations).
Furthermore,the Tolman formula [1],[2] for the total energy of a static and asymptotically flat
spacetime with ¢ the determinant of the four dimensional metric and d®z the coordinate volume
element, gives

Er=/ (T: + T+ T + Ti) J=gd%z = m, (1.30)
as it should be.

The paper is organized in the following way: in section 2-6 we discuss the conceptual as well as the
mathematical prerequisites. In particular we comment on geometrical matters (differentiable
structure, coordinate invariance) and recall the basic facts of nonlinear superdistributional geometry
in the context of algebras G(M,X) of supergeneralized functions. Moreover, we derive sensible
nonsmooth regularizations of the singular functions to be used throughout the paper. Section 7 is
devoted to this approach to the problem. We present a new conceptually satisfactory method
to derive the main result. In this final section 7 we investigate the horizon and describe its
distributional curvature. Using nonlinear superdistributional geometry and supergeneralized functions
it seems possible to show that the horizon singularity is not only a coordinate singularity without
leaving Schwarzschild coordinates.

2 Generalized Colombeau Calculus

2.1 Notation and Basic Notions from Standard Colombeau Theory

We use [16],[17],[5] as standard references for the foundations and various applications of standard
Colombeau theory. We briefly recall the basic Colombeau construction. Throughout the paper €2
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will denote an open subset of R". Stanfard Colombeau generalized functions on 2 are defined as
equivalence classes u = [(uc)c] of nets of smooth functions u. € C*°(Q2) (regularizations) subjected
to asymptotic norm conditions with respect to ¢ € (0, 1] for their derivatives on compact sets.

The basic idea of classical Colombeau’s theory of nonlinear generalized functions [16],[17] is regularization
by sequences (nets) of smooth functions and the use of asymptotic estimates in terms of a regularization
parameter €. Let (uc)ec(o,1) With (u:), € C°(M) for all ¢ € Ry ,where M a separable, smooth
orientable Hausdorff manifold of dimension n.

Definition 2.1.The classical Colombeau’s algebra of generalized functions on M is defined as the
quotient:

G(M) £ En(M)/N (M) (2.1)

of the space Enr (M) of sequences of moderate growth modulo the space N (M) of negligible sequences.
More precisely the notions of moderateness resp. negligibility are defined by the following asymptotic
estimates (where X(M) denoting the space of smooth vector fields on M):

En(M) 2 {(u.)| VK (K S M) Vk (k € N) 3N (N € N)

vgh---,fk (51,...,€k (S X(M)) |:SUE|L§1 Lﬁk ug(p)| = O(E_N) as € — 0:| }7 (22)
peE

N(M) £ {(ue)e| VK (K S M), Vk (k € No)Vq (g € N)

Ve, .., &k (&1, .., & € X(M)) su}[;|L§1 . Leg uc(p)| = O(e?) as e — 0} } (2.3)
peE

Remark 2.1. In the definition the Landau symbol a. = O (¢ (¢)) appears, having the following
meaning: 3C (C > 0) Jeg (g0 € (0,1]) Ve (e < £0) [ae < C (g)].

Definition 2.3. Elements of cal G(M) are denoted by:
= cl[(ue)e] £ (ue): + N(M). (2.4)

Remark 2.2.Withcomponentwiseoperations(-,= ) G(M) is a fine sheaf of differential algebras
with respect to the Lie derivative defined by Leu £ cl[(Leue)e]-

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, ie., u € G(M) iff uo o € G(Ya(Va)) for all charts (Va,1a), where on the open set
¥a(Va) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

Remark 2.4.Smooth functions f € C*°(M) are embedded into G(M) simply by the “constant”
embedding o, i.e., o(f) = cl[(f):], hence C*(M) is a faithful subalgebra of G(M).

3 Point Values of a Generalized Functions on VM. generali-
zed Numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted into
representatives. The objects so obtained are sequences of numbers, and as such are not the elements
in the field R or C. Instead, they are the representatives of Colombeau’s generalized numbers. We
give the exact definition of these "numbers”.

10
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Definition 2.5.Inserting p € M into u € G(M) yields a well defined element of the ring of constants
(also called generalized numbers) K (corresponding to K = R resp. C), defined as the set of
moderate nets of numbers ((re). € K@U with |r.| = O(¢™") for some N) modulo negligible
nets (|re] = O(e™) for each m); componentwise insertion of points of M into elements of G(M)
yields well-defined generalized numbers, i.e.,elements of the ring of constants:

K=E(M)/Nc (M) (2.5)
(withK=R or K = C for K = R or K = C), where

Ee(M)={(ro),eK'In(neN)[|rf =0 (e") ase — 0]}
Ne (M) ={(re), € K”VW}(W(E N}) [[rel = O (e™) as e — 0]} (2.6)
= (0,1].

Generalized functions on M are characterized by their generalized point values, i.e., by their values
on points in MC, the space of equivalence classes of compactly supported nets (p:). € M ©1] with
respect to the relation p. ~ p. 1< dp(pe,pt) = O(e™) for all m, where dj, denotes the distance on
M induced by any Riemannian metric.

Definition 2.6. For u € G(M) and zo € M, the point value of u at the point o, u(zo),is defined
as the class of (u<(2o)), in K.

Definition 2.7.We say that an element r € K is strictly nonzero if there exists a representative
(re). and a ¢ € N such that |r.| > €7 for € sufficiently small. If = is strictly nonzero, then it is also
invertible with the inverse [(1/rc)<]. The converse is true as well.

Treating the elements of Colombeau algebras as a generalization of classical functions, the question
arises whether the definition of point values can be extended in such a way that each element is
characterized by its values. Such an extension is indeed possible.

Definition 2.8. Let © be an open subset of R”. On a set Q :

{ Q= {(z:). € QFp(p>0) [lec| = O ("))} =
{(z2). € Q"3p(p > 0) Ie0 (g0 > 0) [|lze| < €7, for 0 < & < &0}

(2.7)

we introduce an equivalence relation:
(e), ~ (ye), <= Vg (g >0)Ve(e > 0)[|ze —ye| <7, for 0 < e < &o] (2.8)

anddenotebyﬁ = Q/ ~ the set of generalized points. The set of points with compact support is
Qe = {;? = cl(2:).] € Q3K (K € 2)3e0 (c0 > 0) [we € K for 0 < e < eo]} (2.9)

Definition 2.9. A generalized function u € G(M) is called associated to zero, u = 0 on Q C M
in L.Schwartz sense if one (hence any) representative (ue)e converges to zero weakly,i.e.

w -lime_oue =0 (2.10)
‘We shall often write:

u g 0. (2.11)

The G(M)-module of generalized sections in vector bundles-especially the space of generalized
tensor fields T, "(M)-is defined along the same lines using analogous asymptotic estimates with
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respect to the norm induced by any Riemannian metric on the respective fibers. However, it is more
convenient to use the following algebraic description of generalized tensor fields

Gu(M) =G(M)®@T,"(M), (2.12)

whereT," (M) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting
[16]-[17], in particular Lie derivatives with respect to both classical and generalized vector fields,
Lie brackets, exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G(M)-
multilinear maps taking generalized vector and covector fields to generalized functions, i.e., as
G(M)-modules we have

GL(M) = Ly (G (M), Go(M)*; G(M)). (2.13)

In particular a generalized metric is defined to be a symmetric, generalized (0,2)-tensor field
gab = [((ge) 4 )e) (with its index independent of € and) whose determinant det(gas) is invertible in
G(M). The latter condition is equivalent to the following notion called strictly nonzero on
compact sets: for any representative det((gc),,)e of det(gas) we have VK C M Im € N
[infper | det(gap (€))] > €™] for all € small enough. This notion captures the intuitive idea of a
generalized metric to be a sequence of classical metrics approaching a singular limit in the following
sense: gqp is a generalized metric iff (on every relatively compact open subset V of M) there exists a
representative ((ge),;, )e of gap such that for fixed € (small enough)(ge),, = gab (€) (resp. (ge),p |v)
is a classical pseudo-Riemannian metric and det(gqs) is invertible in the algebra of generalized
functions. A generalized metric induces a G(M)-linear isomorphism from G§(M) to GY(M) and
the inverse metric g** £ [(g;,' (€))<] is a well defined element of G3(M) (i.e., independent of the
representative ((ge),,)e). Also the generalized Levi-Civita connection as well as the generalized
Riemann-, Ricci- and Einstein tensor of a generalized metric are defined simply by the usual
coordinate formulae on the level of representatives.

4 Generalized Colombeau Calculus

We briefly recall the basic generalized Colombeau construction. Colombeau supergeneralized func-
tions on © C R", where dim (2) = n are defined as equivalence classes u = [(uc)e] of nets of
smooth functions u. € C*(Q\X),where dim (X) < n (regularizations) subjected to asymptotic
norm conditions with respect to € € (0, 1] for their derivatives on compact sets.

The basic idea of generalized Colombeau’s theory of nonlinear supergeneralized functions [16],[17]
is regularization by sequences (nets) of smooth functions and the use of asymptotic estimates in
terms of a regularization parameter €. Let (uc)cc(0,1] With ue such that: (i) ue € C*°(M\X) and
(ii) ue € D'(M),for all € € (0,1] ,where M a separable, smooth orientable Hausdorff manifold of
dimension n.

Definition 2.10.The supergeneralized Colombeau’s algebra G = QN(M, ¥) of supergeneralized
functions on M, where ¥ C M, dim (M) = n,dim (X) < n , is defined as the quotient:

G(M,%) 2 €0 (M, %) /N (M,X) (2.14)

ofthespaceEn (M, ) of sequences of moderate growth modulo the space N (M,X) of negligible
sequences. More precisely the notions of moderateness resp. negligibility are defined by the following
asymptotic estimates (where X(M\X) denoting the space of smooth vector fields on M\X):
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En(M, %) 2 {(u.).| VK (K S M\S) Vk (k € N) 3N (N € N)
Vgl,...,fk (51,... ,fk € %(M\E)) |:§2£|L51 ...Lgk ug(p)‘ = O(SiN),E — 0:| &
VK (K S M) Vk(k € N) 3N (N € N)V (f € C®(M))Vér, ..., & (&1, ..., & € X(M))  (215)

{HLZ... g“ku8||=< sup |L2”1...L2’kue(f)|>:0(5N)@—)O]},
Feces(a)

N(M,%) £ {(ue)e| VK (K & M\Y), Vk (k € No) Vg (q € N)
Vfl,---,fk (fl,,kaX(M\E)) |;§g}}3|L§1L§k ug(p)|:O(€q),€4>0:|} &
VK (K S M) Vk(k € N) 3N (N € N)V (f € C(M)Ver,... & (61,..., & € X(M))  (2:16)

EILE& cngul| = s |E z“kus<f>|> = 0. 0] b,
fecee (M)

whereLy, denoting the weak Lie derivative in L.Schwartz sense.In the definition the Landau symbol

a: = O (¢ (¢)) appears, having the following meaning:

3C (C' > 0) 3eo (0 € (0,1]) Ve (e < €0) [ae < CY (e)].

Definition 2.11. FElements of G(M,Y) are denoted by:
u=cl(uc)e] = (ue)e + N(M, ). (2.17)

Remark 2.5.With componentwise operations (-, £ ) (j(M, ¥)) is a fine sheaf of differential algebras
with respect to the Lie derivative defined by Leu £ cl[(Leue)e]-

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, i.e., u € G(M,X) iff uwo s € G(a(Va)) for all charts (Va,ts), where on the open set
¥a(Va) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra itself may be characterized
locally, i.e., u € G(M,X) iff uo o € G(¥Ya(Va)) for all charts (Va, ), where on the open set
Yo (Vo) C R™ in the respective estimates Lie derivatives are replaced by partial derivatives.

Remark 2.6.Smooth functions f € C*(M\X) are embedded into G(M, ¥) simply by the “constant”
embedding o, i.e., o(f) = cl[(f):], hence C*(M\X) is a faithful subalgebra of G(M, X).

5 Point Values of a Supergeneralized Functions on M.
Supergeneralized Numbers

Within the classical distribution theory, distributions cannot be characterized by their point values
in any way similar to classical functions. On the other hand, there is a very natural and direct way
of obtaining the point values of the elements of Colombeau’s algebra: points are simply inserted into
representatives. The objects so obtained are sequences of numbers, and as such are not the elements
in the field R or C. Instead, they are the representatives of Colombeau’s generalized numbers. We
give the exact definition of these "numbers”.

Definition 2.12.Inserting p € M into u € GV(M, Y)) yields a well defined element of the ring of
constants (also called generalized numbers) K (corresponding to K = R resp. C), defined as the
set of moderate nets of numbers ((r.). € K(© with |r.| = O(¢ ") for some N) modulo negligible

nets (|re| = O(g™) for each m); componentwise insertion of points of M into elements of G(M, ¥)
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yields well-defined generalized numbers, i.e.,elements of the ring of constants:
Ks=Ec (M, ) /N (M, %) (2.18)
(withﬁg = ]ﬁz or K = (Ez for K = R or K = C), where

60 (M: E) = {(7”6)6
Ne (M, ) = {(r.)

EK'IInneN)[|rl=0 (") ase — 0]},
eK'|Vm(m eN)[jr:]| =0 (¢™) ase — 0]} (2.19)
I=(0,1].

€

Supergeneralized functions on M are characterized by their generalized point values, i.e.,by their
values on points in ., the space of equivalence classes of compactly supported nets (p:)e €
(M\E)w’l] with respect to the relation p. ~ p. :< di(pe,p.) = O(e™) for all m, where d;, denotes
the distance on M\X induced by any Riemannian metric.

Definition 2.13. For u € QV(M7 ¥)) and zo € M, the point value of u at the point zo, u(zo),is defined
as the class of (uc(@o)), in K.

Definition 2.14.We say that an element r € K is strictly nonzero if there exists a representative
(re). and a ¢ € N such that |re| > €? for € sufficiently small. If 7 is strictly nonzero, then it is also
invertible with the inverse [(1/r:)c]. The converse is true as well.

Treating the elements of Colombeau algebras as a generalization of classical functions, the question
arises whether the definition of point values can be extended in such a way that each element is
characterized by its values. Such an extension is indeed possible.

Definition 2.15. Let Q be an open subset of R"\X. On a set Qz :

05 = {(z2). € (A 13 (p > 0) [Joz| = O (7))} = (220
{(@). € (@) Bp (0 > 0) Feo (0 > 0) [Jo] < &7, for 0 < & < eo] | '
we introduce an equivalence relation:

(Te). ~ (ye). <= Vg(g>0)Ve(e > 0)[|we —ye| <€, for0<e<eg] (2.21)

and denote by Qs = Qs / ~ the set of supergeneralized points. The set of points with compact
support is

Qs = {5 = cl[(z.)<] € Qx|3K (K € Q\%) Jeo (0 > 0) [z € K for 0 < & < go]} (2.22)

Definition 2.16. A supergeneralized function ue _C’7(M, 3) is called associated to zero, u = 0 on
Q C M in L. Schwartz’s sense if one (hence any) representative (u.). converges to zero weakly,i.e.

w -lime. soue =0 (2.23)
We shall often write :

u ~ 0. (2.24)

Definition 2.17.The a(M, 3)-module of supergeneralized sections in vector bundles- especially the
space of generalized tensor fields 7, "(M\X) defined along the same lines using analogous asymptotic
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estimates with respect to the norm induced by any Riemannian metric on the respective fibers.
However, it is more convenient to use the following algebraic description of generalized tensor fields

GL(M, %) =G(M,2) @ T,"(M\E), (2.25)

where 7" (M\X) denotes the space of smooth tensor fields and the tensor product is taken over the
module C*°(M\X). Hence generalized tensor fields are just given by classical ones with generalized
coefficient functions. Many concepts of classical tensor analysis carry over to the generalized setting
[21-23], in particular Lie derivatives with respect to both classical and generalized vector fields, Lie
brackets, exterior algebra, etc. Moreover, generalized tensor fields may also be viewed as G (M, %)-
multilinear maps taking generalized vector and covector fields to generalized functions, i.e., as

G(M, ¥)-modules we have
GL(M, %) = Ly (G (M. )7, G5 (M, 8)*; G (M, 9)). (2.26)

In particular a supergeneralized metric is defined to be a symmetric, supergeneralized (0,2)—
tensor fieldgay = [((9e),y )e) (with its index independent of € and) whose determinant det(gas) is
invertible in G (M\X). The latter condition is equivalent to the following notion called strictly
nonzero on compact sets: for any representative det((ge),;, )e of det(gas) we have VK C M\X Im €
N[inf,ex | det(gas (€))] > €7] for all € small enough. This notion captures the intuitive idea of a
generalized metric to be a sequence of classical metrics approaching a singular limit in the following
sense: gqp is a generalized metric iff (on every relatively compact open subset V of M) there exists a
representative ((ge),, )e of gas such that for fixed e (small enough)(ge),, = gab (€) (resp. (ge),, [v)
is a classical pseudo-Riemannian metric and det(gqs) is invertible in the algebra of generalized
functions. A generalized metric induces a G(M, X)-linear isomorphism from G§(M, ¥) to G?(M, ¥)
and the inverse metric g®® £ [(g7;! (€))e] is a well defined element of GZ(M, ) (i.e., independent
of the representative ((ge),;)s)- Also the supergeneralized Levi-Civita connection as well as the
supergeneralized Riemann, Ricci and Einstein tensor of a supergeneralized metric are defined simply
by the usual coordinate formulae on the level of representatives.

6 Superdistributional General Relativity

We briefly summarize the basics of superdistributional general relativity, as a preliminary to latter
discussion.In the classical theory of gravitation one is led to consider the Einstein field equations
which are, in general, quasilinear partial differential equations involving second order derivatives
for the metric tensor. Hence, continuity of the first fundamental form is expected and at most,
discontinuities in the second fundamental form, the coordinate independent statements appropriate
to consider 3-surfaces of discontinuity in the spacetime manifolfd of General Relativity.

In standard general relativity, the space-time is assumed to be a four-dimensional differentiable
manifold M endowed with the Lorentzian metric ds® = g, dz*dx” (u,v = 0, 1,2, 3).At each point p
of space-time M, the metric can be diagonalized as ds3 = 1, (dX*),(dX"), with n,, = (—1,1,1,1),
by choosing the coordinate system {X*;u = 0,1,2,3} appropriately.

In superdistributional general relativity the space-time is assumed to be a four- dimensional different-
iable manifold M\, where dim (M) = 4,dim (X) < 3 endowed with the Lorentzian supergeneralized
metric

(ds?). = (guv (€) dz™da”), ;v =0,1,2,3). (2.27)

At each point p € M\, the metric can be diagonalized as

(dSIQJ (6))5 = (nu”(dxeu)p(dxéj)?)e with Nuv £ (_17 17 1, 1)7 (2'28)
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by choosing the generalized coordinate system {(X*)_;u =0,1,2,3} appropriately.

The classical smooth curvature tensor is given by
Row 20, (-0 {2+ {2 - (&A@

with{o—pu} being the smooth Christoffel symbol.The supergeneralized nonsmooth curvature tensor
is given by

(R ), 200 ({5}, -0 ({5}) +({35}) {21, -

(2.30)

with ({ULV}E)6 being the supergeneralized Christoffel symbol.The fundamental classical action
integral I is

I= %]IZG + Lar)d*z, (2.31)

where Lys is the Lagrangian density of a gravitational source and L¢ is the gravitational Lagrangian
density given by

1

Lo=5-G. (2.32)

Here & is the Einstein gravitational constant x = 87G/c* and G is defined by

o—vaie ({2} - {2 =) 23)

with g = det(gu,). There exists the relation

v—gR =G+ 9,D* | (2.34)
with
Dt = —\/—g (g‘“’ ﬁ} — g {V—“A ) . (2.35)

Thus the supergeneralized fundamental action integral (I.)_ is

(1), = + [ (T (@), + (Lar (€)' (2:36)

where (Las (€)), is the supergeneralized Lagrangian density of a gravitational source and (Lg (e))€

is the supergeneralized gravitational Lagrangian density given by

(La (e), = o (Go), - (2.37)
Herer is the Einstein gravitational constant £ = 87G/c* and (G.), is defined by

)= vl @) ({25 ),) 30 - ({25 )) ({5).) - @39

with ge = det [(guv (€))c]. There exists the relation

= (9¢). (Re), = (Ge), + 0 (DE), (2.39)
with
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@), = =v/=Tg. (9. {510, — (6. ({#5)),) - (240)

Also, we have defined the classical scalar curvature by

R=R", (2.41)
with the smooth Ricci tensor
R,u,r/ = R}\y)\y . (242)
From the action I, the classical Einstein equation
1
G." =R, — iéu”R =rT,", (2.43)
follows, where 7),” is defined by
T v
T,V =& 2.44
Y Vg (244
with sL
T, 22 M 2.4
W Gux 59w ( 5)

being the energy-momentum density of the classical gravity source. Thus we have defined the
supergeneralized scalar curvature by

(Re). = (R4 (e)). (2.46)
with the supergeneralized Ricci tensor
(Ruw (6))5 = (RAW\V (6))6 . (2‘47)
From the action (I), , the generalized Einstein equation
v v 1 v v
(Gu” () = (Bu" (€)= 50u” (Re), = K (T0." (). (2.48)

follows, where (T},” (¢)), is defined by

(T." @)

(T ), 2 200 ), S (2.50

being the supergeneralized energy-momentum density of the supergeneralized gravity source.The
classical energy-momentum pseudo-tensor density t,” of the gravitational field is defined by

oL
2C Gr (2.51)

,EHV = 5HV]£G - 8g

with gor,. = 9gor/02”.The supergeneralized energy-momentum pseudo-tensor density ﬁ” of the
gravitational field is defined by

(52 0), =0 e ), - (

with (QUT,V (5))5 = (8967 (5) /8$V)5-

O0Gory (€)> (9o (€)). (2.52)

€

7 Distributional Schwarzschild Geometry from Non-smooth
Regularization via Horizon

In this last section we leave the neighborhood of the singularity at the origin and turn to the
singularity at the horizon. The question we are aiming at is the following: using distributional
geometry (thus without leaving Schwarzschild coordinates), is it possible to show that the horizon
singularity of the Schwarzschild metric is not merely only a coordinate singularity. In order
to investigate this issue we calculate the distributional curvature at horizon (in Schwarzschild
coordinates). In the usual Schwarzschild coordinates (¢,7 > 0,6, ¢) the metric takes the form
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the
ds® = h(r)dt® — h(r)"tdr® + r2dQ3,
h(r) = -1+ QTm (3-1)

Following the above discussion we consider the singular metric coefficient h(r) as an element of
D' (R?) and embed it into (G(R?)) by replacement

r—2m —> /(1 — 2m)* 4 €2.
Note that, accordingly, we have fixed the differentiable structure of the manifold: the Cartesian

coordinates associated with the spherical Schwarzschild coordinates in (3.1) are extended through
the origin. We have above r > 2m (below (r < 2m)) horizon

77’_2mir m (r—2m)2+62
h(r)—{ fr>2 }H(hw))e— e ),

r
0ifr <2m r

where (hf(r)). € G(R®, B* (2m, R)), B* (2m, R) = {z € R*[2m < |lz]| < R} .

() = { i 2m } — (hj)fl (r) =

00, T =2m
r—2m .
Wy =4 T HTSEmob L o) = (3.2)
0ifr>2m
(2m—r)2+62

= [ edr B 02m)),

where B~ (0,2m) = {z € R®|0 < ||| < 2m}
r , T < 2m

Cr—2m H(h{)fl(r):
00, T =2m
= —— € G(R®, B~ (0,2m))
(r —2m)* + ¢2

Inserting (3.2) into (3.1) we obtain a generalized object modeling the singular Schwarzschild metric
above (below) gorizon, i.e.,

(dst?), = (hd (r)dt?), — ([h:(r)] ! er)e +r2dQ2,

(ds72), = (h7 (r)ar?) = ([he (] " dr?) +r%a0? (3:3)

The generalized Ricci tensor above horizon [Rﬂi may now be calculated componentwise using the
classical formulae

(IRe10), = (Re12), = 5 (@), + 2 ), g
(R:12) 5. L), >

= ([Rj]g) = + 2
From (3.2) we obtain

€ € T T
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PR YR () £
‘ r[(r— 2m)? + €] 1/2 r? ,
r (hj')6 +1+ (hj)6 =
r—2m [(r —2m)* +52]1/2 (r —2m)? + 2
L izt 2 tle—
r[(r— 2m)? + e?] r r
r—2m N [(T—Qm)Q—i—ez}l/Q 1 (7"72m)2+52
[(r— 2m)? + €?] 1/2 r r
r—2m

- + 1.
[(7" _ 2m)2 + 62} 1/2

' 2 | oq1/2\’
h;’(r) = ( — sz 1/2) + ([(7’— 2m)2 i ] >
r[(r —2m)* + €] r
1

_ (r —2m)? r—2m

r[(r— 2m)? + e?] Vo, [(r— 2m)? + 2]3/2 r2 [(r— 2m)? + 2]
r—2m 2[(r— 2m)? + €’ e
r2 [(r —2m)* + €2 1z r?
r? (hj”%e +2r (hY) =

TQ{_ (r — 2m)* r—2m

r[(r— 2m)? + e?] V2 [(r— 2m)? + 62}3/2 r2 [(r 2m)? + €2
r—2m 2[(r— 2m)? + €’] 1z

r—2m)* + €2 2 r?
_ r r(r — 2m)? r—2m
[(r—2m)®+ ] [r—2m)?+e]*? [ -2m)® 4]
r—2m 2 [(T‘ - 2m)2 -+ 62] 1/2
+ - +
[(r—2m)° + €?] r
2 (r — 2m) 2[(r — 2m)* + &]"/?

Investigating the weak limit of the angular components of the Ricci tensor (using the abbreviation

O(r) = fsin 6de 2f7rd¢<I>(z)
0 0

and let ®(Z) be the function ®(Z) € S, (R*), where by S5, (R?) we denote the class of all functions

®(z) with compact support such that:
(i)supp(®())) C {Z| |Z] > 2m} (i) ®(r) € C= (R).

Then for any function ®(%) € Sam (R?) we get:
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Ji (RE}) @@ d'e = [ ([RY];) @(@)d' =

F () 414 (hF),) B(r)dr =

f {_ r—2m 72 } (i)(r)dr + fR @(r)dr.

om [(r — 2m)2 + 62} 2m

By replacement r —2m = u, from (3.6) we obtain

I ([Rﬂj)e ® (z) d*z = [, ([Rj]g)e O (2) dPe = Rojzmw n R;fzmé(u Fom)du.  (3.7)

By replacement u = en, from (3.7) we obtain the expression
I (9 = [ (RT];) @ da =1 (9 = [, ([RF];) @@ d'a=

€
R—2m

d(en + 2m)dn 38)

R—2m ~
P n®(en+2m)dn

=€ X
o (417

o,

From Eq.(3.8) we obtain

d(2m)

i @=1f (0= [ | 1]

€ i n 5 (1
- Of {W - 1] M (&)ndn,

where we have expressed the function E)(en +2m) as
T n—1 (I)(l)(zm) l 1 ng(n)
P(en+2m) = 35, T(en) + a(én) (¢ (3.10)
E20en+2m, 1>60>0, n=1
with @1 (¢) £ d'®/d¢'. Equations (3.9)-(3.10) gives

cnIF () = BmIt (o) —
25%13 (e) = llj}élz (e) =

2
lim { —ed(2m) (R_Qm) 1o BzEm
e—0 € € (3.11)
R—2m
imd =S f [ 1] 80 (e b =0
) W (v

Thus in S5, (Bf (2m)) C Sy, (R?) C D'(R?), where BT (2m, R) = {z € R*[2m < ||z|| < R} from
Eq.(3.11) we obtain
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(3.12)

- S)Eq)(x)d?’x:

2[ ([RE])) @@ de =2/, ([R
)

]
R -
[ﬂ (r* (hE") +2r (")) @(r)dr = (3.13)

R r r(r — 2m)? =
:f{— . — + . 32}<I>(r)dr.
2m [(r —2m)” + 62] / [(r —2m)° + 62} /
By replacement r — 2m = u, from (3.13) we obtain
T@=2[ ([RY])) @@ dc =15 (© =2 [, ([R7];) @ @)d%
{n (r? (h*”) +2r (h*') ) (r)dr = (3.14)

R—2m u+2m u? (u+2m) | =
= ————ant T, Sun D(u + 2m)du.
b @ e et e

By replacement u = en, from (3.14) we obtain

2 [ ([R:’]i)efb(x) dPr=2 [, ([Rj]g)eq)(;t) Pz =
= 2f (r? (h;"”)€ + 2r (h;"')e) O(r)dr =

—2m

< 2 2,2 2 _

T {_ €n + 2m +677 (en + m)}q’(ﬂH'?m)dﬁ—
0

R

(62772+€2)1/2 (52772+62)3/2

—2m

2m ~ R ~
j End(en + 2m)dn —om | e®(en + 2m)dn
o (@)t 0 (e et (3.15)
R—2m ~ R—2m ~
< 'nPd(en + 2m)dn < En’d(en + 2m)dn
f 2 2\3/2 +2m f 2,,2 n3/2
0 (6 n® +€) 0 (20 + €2)
—2m ~ R—2m
< n®(en+ 2m)dn = n3®(en 4+ 2m)dn
€ f 5 iz T / 3/2
0 (n?+1) 0 m?+1)
—2m R—2m ~
< ®(en+2m)dn < 2 ®(en + 2m)dn
2m | — f —— e T S s |
o (41 0 (n*+1)

From Eq.(3.15) we obtain
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~ R—2m
d(2m) " - 1 n’
+ _ 7t — _
Iy (e) =1y () =2m ol { [ (2 + 1)1/72 + (2 + 1)3/2 dn+
R—2m
€ & = 1 n’
+ o) {— + } dn+
i ({ ©) (n? + 1)1/2 (n? + 1)3/2 e (3.16)
bam) " 1 n” '
. -
o | [_ w07 1)3/2} it
2 R—2m 2
S ) n
w e { P07 Gt 1)3/2] i

where we have expressed the function &)(en +2m) as

~ ey @0 (2m 1 e eBn

Ben+2m) = 57 TP eyt 4 Lyt ey 317
E20en+2m, 1>60>0, n=1

with ®®(¢) £ d'® /d¢! Equation (3.17) gives

w -limIf (6) = w -limIf (¢) =
e—0 e—0
R—2m

~ . € 1 772
2m®(2m)lim J [— + } dn p =
0

€0 (m? + 12~ (2 +1)3/2 (3.18)

B dn _
2m<1>2mﬁngo[of s 1) f(n2+1)1/2}*

= 72m<I>(2m).

where use is made of the relation

2
. ¢t nmdg ¢ dn _
gll,nolo Lf (2 + 1)3/2 of (u? + 1)1/2} =-1 (3.19)

Thus in S5, (BY (2m, R)) C 85,,(R?) we obtain

w -lim [Rﬂ =w -lim [Rﬂ = —m®(2m). (3.20)

e—0 e—0

The supergeneralized Ricci tensor below horizon [RZ } Z = [R; ]i may now be calculated componentwise
using the classical formulae

(R:16), = ((Re1), = 5 (). + 2 (69),)
3.21
(Ir12), = (me1g), = U2 4 20D, o2

From (3.2) we obtain
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h(r) = =" = 2™ () = ((2m—7~)+52) = —h¥(r),r < 2m.

r—2m [(r = 2m)® + &]"/?
1/2 2 )

e +1 (3.22)

r? (h;”)e + 2r (h;')s = 72 (hj’”)€ —2r (hj")s =

r r(r— 2m)2

[(T—2m)2+62}1/2 [(T_Qm)2+€2]3/2.
Investigating the weak limit of the angular components of the Ricci tensor (using the abbreviation

™ 27
= [sin60d6 [ dp®(Z) where (£)C™ (R*) ,®(z) is a function with compact support K of the
0 0

class such that K C B~ (0,2m) = {z € R*|0 < ||z|| < 2m} we get:

Jx ([R:]g) @ (7) d3x_f1<( E:g) @ (7)d’x =

2

(1) + 14 (0),) B0ar =
2m r—2m ~ m

73 O(r)dr + [ @(r)dr
f{n ]/} {

0 r—2m)? + €2

(3.23)

By replacement r — 2m = u, from Eq.(3.23) we obtain

fie (R7)3)_ @ @) = [, (RTT3), @ (@) ' =

0 0o _ 3.24
u®(u + 2m)du + [ B+ 2m)du. (3.24)

o (u2 4 €2)Y/? —2m
By replacement u = en, from (3.23) we obtain

3 E):fK(I:Re_:I:S) (I)(x)d3x:I; (E)fo([RE_E)ECD(f)CPx:

€

O (en + 2m) dn (3.25)

e X
77 +1)1/2

0
f D(en +2m)dn | ,

which is calculated to give
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5 L [

€

0 n -
+3 {W + 1} M (&)ndn =

s+ e

— ) (3.26)
ed(2m) |1 - (—m> 14+ 20 4
€ €

{W + 1} M (&)ndn,

where we have expressed the function :I;(en + 2m) as

- 0
B(en +2m) = S0} W(en)’ + %(en)”@‘m(é) 7 (3.27)

E20n+2m, 1>0>0, n=1
with & £ d'®/dr'. Equation (3.27) gives

limI3 (e) = lmI; () =

e—=0

e—0
2
lim { d(2m) |1 <2—m) b2ty
€0 € € (3.28)

Thus in Ss,, (By (2m)) C S5, (R*), where B~ (0,2m) = {z € R*|0 < ||z|| < 2m} from Eq.(3.28)
we obtain

. . . —
{wﬂﬂm%zﬂﬁ@=

. —12 . —
w -l (R, = it (9 =

0.
N (3.29)

For ([R;]i)e,([R;]gl we get:
2 [ ([R})

2m

of (r2 (h:”)E +2r (h;’)e) O(r)dr =

o r S G L) N Y
b[ { [(r - Zm)2 + 62] 1/2 [(7‘ — 2m)2 + 62}3/2 } )

By replacement r — 2m = u, from (3.30) we obtain

O(x)diz =2, ([R;}g)e o (2) PP =

€

(3.30)

If (e) =2 ([R;]i)é & (z)dPz = I (¢) = 2 ([R;]O)e @ (z) dz

_ Ofm(r2 (h"), +2r (h"),) ®(r)dr (3.31)
) ~

0 2 2 2
= [ vt ml/2 I Chs ;72 @ (u + 2m)du.
—2m | (u? + €2) (u? +€2)
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By replacement u = en, from (3.31) we obtain

2 [, ([R ]1) ndz=2[, (R ]g)stb(:v)ds'x:
[ (he") 420 (b)) &(r)dr =

_2m

€

2 2
{( en+2m € (€n+2m)}<f(en+2m)d77—

e2n2 + E2)1/2 (e2n? _|_€2)3/2
2 & 0 ®
P (en + 2m)d P(en + 2m)d
€ nd(en ﬂl%/)2 N om [oCRlen ml)/zn,
2m (€212 + €2) _iam (27 +€2) (3.32)
7 3 ®(en + 2m)dn —om 0 2D (en + 2m)dn _
om (62,72 + 62)3/2 om (22 + E2)3/2
Q(en +2m)dn 3 ®(en 4+ 2m)dn
(2 + 1)1/ (2 + 1)>/?
n*®(en + 2m)dn
(2 + 1)°

|
|
.
A=

b(en + 2m)dn

1/2

(n?+1) _

g%o

+2m

which is calculated to give

<I>

1 772
[ P+ 10172 P+ 1)3/2} dnt

Iy () =17 () =2m
(3.33)

2m
€ & = 1 n?
BT Of M (¢) {(772 ) VR 1)3/2] ndn + O (€?) .

where we have expressed the function &)(en +2m) as
~ ey @0 (2m 1 e eBn
Ben+2m) = 357 TP eyt 4 Leyraneoie) 530
E20en+2m, 1>60>0, n=1
with ) (¢) £ d'® /d¢! Equation (3.34) gives

ImIg () = limI] () =

e—0 e—0

_ Jeem) o 1 "’
2ml -
MY o 2f {(n 2412 (pP41)3/2 i (3.35)

= . 0 dn 0 n-dn
2m®(2m)lim {f,s 2+ 1)/2 = (2 +1)3/2 =
= 2m®(2m).

where use is made of the relation

lim {fo( dn___ _ fo ( n°dn } = 1. (3.36)

smeo |2, @+ D)2 (2 1)32
Thus in 8, (B~ (0,2m)) C S5,,(R*) we obtain

w -lim [R;]i = w -lim [R:]O = m®(2m). (3.37)

e—0 e—0 0
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Using Egs. (3.12),(3.20),(3.29),(3.37) we obtain
ST+t T ) 4 (T T+ T+ )| Vegd'e =0 (3.39)

Thus the Tolman formula [1],[2] for the total energy of a static and asymptotically flat spacetime
with g the determinant of the four dimensional metric and d*z the coordinate volume element, gives

Br=] (T: +T§ +T9 + Ti) v=gdz = m, (3.39)

8 Conclusions and Remarks

We have shown that a succesfull approach for dealing with curvature tensor valued distribution is
to first imposes admissiible the nondegeneracy conditions on the metric tensor, and then take its
derivatives in the sense of classical distributions in space S3,, (R?).

The distributional meaning is then equivalent to the junction condition formalism. Afterwards,
through appropiate limiting procedures, it is then possible to obtain well behaved distributional
tensors with support on submanifolds of d < 3, as we have shown for the energy-momentum
tensors associated with the Schwarzschild spacetimes. The above procedure provides us with what is
expected on physical grounds. However, it should be mentioned that the use of new supergeneralized
functions (supergeneralized Colombeau algebras G(R*,X)). in order to obtain superdistributional
curvatures, may renders a more rigorous setting for discussing situations like the ones considered
in this paper.
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