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Abstract

In [1], Gyamfi et al. described homological properties in relation to Nakayama Algebras with
projectives that satisfied condition Ext} (M, N) =0 for n > 0 <= Exti (N, M) = 0 for n > 0,
[1]. The purpose of this paper is to give a similar characterization of Nakayama algebras. In
particular, we present Ext-groups of the Nakayama algebras with projectives that do not satisfy
the condition Ext} (M, N) =0 for n > 0 <= Ext} (N, M) = 0 for n > 0. To do this, we consider
the Ext-groups of Nakayama algebra with projectives of lengths 3n and 4n using combinations of
modules of different lengths.
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1 Introduction

In this section, we discuss some basic properties and some related examples of the Quivers, Path
algebra, Projective resolutions and Ext-groups. A quiver is an oriented graph. In our discussions
of quivers, we restrict ourselves to finite quivers. A quiver I' is made up of a set of vertices, I',, and
a set of arrows, I'1 between these vertices. A quiver I' = (I',, I'y).

Example: Let I' =1 — 2 — 3. Here there are three vertices 1, 2, and 3 which are joined by two
arrows. This is represented diagrammatically by;
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Let k be a field and I" = (I'0, 1) be a quiver, then kI is a k—vector space with the paths of ' as
the basis. This k—algebra kI, is called the path algebra of I over k. The elements in kI are of the
form aip1 + asp2 + -+ + anpn, a; € k, and p; a path in I'. ZiEFg e; is the identity element of kI’
[2]. For example; let I' = 1 32, then a basis of this path algebra is e, e2 and «. The elements in
kD are of the form; aie1 + azes + ases, a; € k and e1, ez, € I'. We have the following table;

z\y | e1 | e2 | «
€1 €1 0 O
€2 0 e | «
« a 0 0

This shows that , (e1 + e2)(a1e1 + azez + asa) = are1 + azes + aza. Hence e1 + ez is the identity
in kI'.

Another example could as well be, let I' be I' = 1 32 33, k a field, then a basis of kI' is
{e1,e2,e3,a,Ba}. Then the dimension of kI' is given as; dimikl’ = 5. The identity in kL' is,
e1 +e2+e3 = lir.

Let M be a A-module. A projective resolution for M is an exact sequence --- — P, — P — Py —
M — 0 with the P; projective modules for ¢ > 0. A projective presentation -+ — P — P, — Py —
M — 0 for M is called a minimal projective presentation if fo : Po — M and f; : P; — kerf; are
projective covers for ¢ > 1 [2].
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Example: Let I’ = with the relation yBa, ayB, Sa-y then the projectives

are;
S1 Sa Ss3
P = Sa P = S3 P = S1
Ss3 S S

where S; is a simple module, i = 1,2,3. When we consider the projective P, as a representation,
the module S; is in vertex one, Ss is in vertex two and S3 is in vertex three.

Finally, we discuss Ext-groups. Let M, N be A-modules.

Let P--- — Ps d—3>P2 d—2>P1 d—1>Po @»M — 0 be the projective resolution for M. The following is the
truncation of the exact sequence;

P . — P d—3>P2 d—2>P1 d—1>P0. Applying Hom( , N), we have;

ar ar ax ax
0 > Homa(Po,N) = Homa(P1,N) = Homa(Pz,N) = Homa(P3, N)

Exti (M, N) is defined as; Exti (M, N) = kerd) /Imd} . eg Exti (M, N) = kerdy /Imd} , [5].

TS
N

Example: Let I' = with relation dvBa, adys, fady and yBad then we have
the following projectives;
S1 So Ss3 Sa
B So _ Ss3 o S B St
P=lg |25 s [T s | 27| s
S4 51 52 53

In our previous paper on homological properties in relation to Nakayama algebras, we showed that
Ext-groups of all pairs (M, N) of modules over Nakayama algebras of type (n,n,n) satisfies the
condition Ezti(M,N) = 0 for n > 0 <= Exzt}(N,M) = 0 for n > 0 using the projectives
of lengths 3n + 1 and 3n + 2, [1]. The algebra A is a Nakayama algebra if every projective
indecomposable and every injective indecomposable A-module is uniserial. In other words, these
modules have a unique composition series, (see Schrer [3]). Nakayama algebras are finite dimensional
and representation-finite algebras that have a nice representation theory in the sense that the finite-
dimensional indecomposable modules are easy to describe. The main contribution of this paper is
to investigate and prove that the Ext-groups of all pairs (M, N) of modules over Nakayama algebras
of type (n,n,n) do not satisfy the condition Ext} (M, N) =0 for n > 0 <= Ext} (N, M) = 0 for
n > 0.
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2 Preliminary

This section will briefly discuss Nakayama algebras and some related propositions. An R—algebra
I is a ring together with ring morphism ¢ : R — I" whose image is in the center of I". T" is therefore
an Artin algebra if it is finitely generated R—module. We define Nakayama algebras in terms of
uniserial modules. Let I be an Artin algebra. A I'-module A is called uniserial module if the set
of submodules is totally ordered by inclusion. We state the following propositions to verify the
properties of Nakayama algebras. All the information presented here can be found in deeper details
from [4],[5],[2].

Proposition 2.1. The following are equivalent for A — moduleA.

a. A is uniserial.

b. There is only one composition series for A.

c. The radical filtration of A is a composition series for A.

d. The socle filtration of A is a composition series for A.

. U(A) =rl(A), where I(A) is the length of A and rl(A) is the radical length of A.

o

Proof. a =b.

A is uniserial implies there is only one composition series for A. Let the following be two composition
series for A;

A:AQDAlez ~~~~~~ DATL
A=ByD>DB1 DBgy:-+---- D B,

Since A is uniserial, A1 C By or B; C A;. Without loss of generality, we assume B; C Aj, then
we have the sequence; 0 — A1/B1 — A/B1 — AJA1 — 0 such that A;/A;+1 = 0 or simple
for i =0,1,--- ,n — 1. Assume that A;/A;4+1 # 0, then A/Bj is simple, A/A; is simple, Bo/B; is
simple and B1/B;> is also simple. A/B;: is simple because A D B is the start of a composition
series hence A/A; is also simple. Let the following map be a homomorphism;

A/By —¥ A/A:.1f A/By and A/A; are simple modules, then the map is either zero or isomorphism.
The kero = A1/Bi. If kerp = 0, then Ay = Bi. By induction on n, A = Bs. Hence there is only
one composition series for A.

The ri(A) = I(A) and sl(A) = [(A), and therefore, ri(A) = sl(A). Hence, b = ¢ = d = e is trivial.

Let the radical filtration of A be; AD7rADr2A D - .. Dr"A =0 with ri(A) =n
Let the composition series of A be; A= A; DAy D ------ D A, = 0 which implies [(A) = n.
Assume 0 =r"A Cr"'AC .- C rA C A is not a composition series but ri(A) = n. Consider

the sequence; 0 — 1A — A — A/rA which implies that I(A) = I(rA) +[(A/rA).

Similarly we have the sequence; 0 — 124 — rA — rA/r?A — 0, and hence I(A) =
1(A/rA) + 1(r?A). We therefore have I(A) = Y I(r*A/r*tTA) > ri(A) which is a contradiction.
Hence, the [(A) =ri(A), e =a . O

Proposition 2.2. The following are equivalent for an Artin algebra A.

a. A is a sum of uniserial modules .
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b. A/a is a sum of uniserial modules for all ideals a of A.

c. A/r? is a sum of uniserial modules.

Proof. a = b and b = c are trivial. If A is the sum of uniserial modules, then A/a and A/r?
which are factors of A are also a sum of uniserial modules.

c=—a

Let P be an indecomposable projective A—module. We show that P/r™ P is uniserial by induction
on n when n > 2. When n = 2, there is nothing to prove. Suppose n > 2. Let the radical
filtration of P be; P D rP D r?P D ------ r" 1P > r"P = 0 such that r*P/r**' P is simple for
1=0,1,---,n—1.

When n = 3, we have r*P C r>P C rP C P. Hence by induction hypothesis, P/r"~' P is uniserial.
Considering the exact sequence 0 — rP — P — P/rP — 0, which also implies that P/rP is
uniserial, hence P/r" "' P is also uniserial.

If 7"~'P = 0, then P/r"P is clearly uniserial, so we have to assume that r" 1P #£ 0. From
proposition 1, it follows that r*P/r*** P is simple for i = 0,1,--- ,n — 2. To show that P/r"P is
uniserial, then it is sufficient by proposition 1 to prove that r"flP/r"P is also simple.

Let @ — ™ 2P be a projective cover. Since r"~2P/r"~'F is simple, Q must be indecomposable
and so Q/r*Q is uniserial. But we have an epimorphism rQ/r?*Q — r" ' P/r™ P which shows that
r"~'P/r" P is simple. O

Proposition 2.3. Let p be a D Tr-orbit of indA. Suppose there is a projective module P in .
Then we have the following;

1. ¢ of non-zero objects in {P,(DT,)"'P,--- (DT:) P, }ien.

2.  is finite if and only if (DT,) " P = (T»D)" is injective for somen in N. Moreover, if (1»D)™ P
is injective, then p = {P,(DT,)"'P,--- ,(DT;,)""P}.

Proof. The statement, DTrP = 0 if and only if P is projective is trivial. Since P is projective
module in o, (DTr)"P = 0 for all i > 0. Hence the claim in 2(a). We claim that if (DTr) *P ~
(TDr)~(+) P 2 0 with j > 0 we have (DTr) (DTr)~“*) P ~ (DTr)(DTr)~'P which implies
that P ~ (DTr)’P = (TrD)?P which is not possible since j > 0. ¢ can therefore be finite if
(DTr)~ D P = 0 for some n > 0.

Since (DTr)""P = (TrD)"P, then P is injective in . We know therefore that if (DTr)""P is
injective, then ¢ = {P, (DTr)"'P,--- ,(DTr)""P}. O

Proposition 2.4. Suppose ¢ contains as injective module I. Then we have the following;

i. ¢ consists of the nonzero modules in {I, DTrI,--- ,(DTr)'I, - }ien.

ii.  is finite if and only if (DTr)"I is projective for somen € N. Moreover, if (DTr)"™ is projective,
then o = {I,(DTr)I,--- ,(DTr)"I}.

Proof. We know that TrDP = 0 if and only if P is injective. So since I is an injective module in
@, (T'rD)'I =0 for all ¢ > 0. Hence, the claim in (b).

We claim that (DTT)’I ~ (DTr)" D[ # 0 with j > 0. By this claim, we have (DTr)"Y(DTr)'I ~
(DT™)~Y(DTr)*)T which implies that I ~ (DTr)’I for I injective. If (DTr)"I is projective,
then we claim ¢ = {I, (DTr)I,--- ,(DTr)"I}. ¢ can therefore be finite if (DTr)" I = 0 for some
n > 0. O
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3 Main Work

In this section we discuss examples of the Nakayam algebra with projectives of length 3n and 4n
which do not satisfy the condition: Ext}(M,N) =0 for n > 0 <= Ext}(N,M) =0 for n > 0.

1
o
0
3 2
We discuss the Ext-groups of Nakayama algebra with projectives of length 3n. Let I' = '

with relations yBa - -- Ba, ayfB - - - and Bary - - - ayf, where the length of each relation is 3n. Let
A = kT/(vBa---Ba,ayB -6, Bay---ayB). The projectives of the above path algebra are as
follows;

Py = (51,82, ,8s)", Po=(S2,83,-+,51)", Ps=(Ss,51,,52)"
The above projectives Pi, P> and Ps have length of 3n each. The minimal projective resolution of
the module S is given as;
d d d d d
o QD Q3T Q312 QP S —0
where Q2; = Q2i+2 = P1 and Q2i+1 = Q2i+3 = P» for ¢ > 0 and d2;+1 is a multiplication by « and
daite is a multiplication by v8(ay8)™ *. From the above resolution we have

d3 dy dy do
- —=>Aey = Aea = Aer = S1— 0.

The pdS1 = oo since the resolution is periodic, where pd is the projective dimension. The period is
2. The truncation of the above resolution is given as;

dg da dy d

Pg, -+ - Aey 4 Aes B Aer 3 Aes 3 Aer 2 0.

Applying Homa( , M) where M is any module, we have

ar a ax
0> Homa(Aer, M) LN Homna (Aea, M) =2 Homa (Aer, M)
dX

dX
2 Homa(Aea, M) = Homa(Aer, M)
where Homa(Ae1, M) ~ e1M and Homa(Aez, M) ~ ea M. By definition, we have Emtﬁ\(Sl, M) =
ker(d) ,)/3(d;). We calculate the Ext-groups.

1 _ vB(ayp)™ ! . a

Extp(S1, M) =ker | eeM ————— eiM | /S (eaM S eaM)
= {eam|yB(arB)" eam = 0} /a.
Let M = S5, we have
E:rt}\(Sl, Sz) = {6252|75(Oé’}/5)n_16252 = 0} /046151 = 6252/0[6152 = k’/O = ]C

This implies that for Ext}(S1,S2) not all values are zero for i > 0. The minimal projective
resolution of the module S5 is as follows;

dg

d d d d
= Qa = Q3 3 Q2 = Q1 3 Qo = S2—0
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where Q2; = Q2i+2 = P2 and Q2i41 = Q2i+3 = P3 for ¢ > 0 and da;+1 is a multiplication by g and
dait2 is a multiplication by ay(Bay)"!. The projectives P> and Ps all have length 3n each. From
the resolution we have the following;

d d d d d
---—>A62 3 A63 2 A62 2 A€3 3 A62 2 SQ—)O.

The pdS2 = oo since the resolution is periodic. The period is 2. The truncation of the resolution is
given below,

dy ds da dy do
Ps,---Aea = Aes = Aea = Aes = Aex — 0.

Applying Homa(, M) where M is any given module, we have

dX d>< dX
0> Homa (Aea, M) =5 Homa (Aes, M) N Homa (Aea, M)
dX X

d
2 Homa(Aes, M) =5 Homa(Aea, M) — 0

where Homa (Aea, M) ~ eo M and Homa(Aes, M) ~ esM.

We calculate the Ext-groups.

e ay)n—t
Ext}x(Sg,M) = ker (63M av(Bam)®, ezM) /S (62M L4 egM)
= {esm|ay(Bar)"egm = 0} /B.
Let M = 51, then we have

Ext)(S2,81) = {6351|a'y(/8a7)"716381 =0} /Be2S1 = e351/BeaS1 = 0.

a a n—1
E:L’t?\(SQ,Sl) = ]CET (6251 ﬁ 6351) /% (6351 M 6231>
= {e251[Be281 = 0} /ay(Bay)" ™" = €251 /ay(Bary)" esS1 = 0.

The above Ext-groups imply that for Exth (S2,S1), all values are zero for i > 0.

We conclude that the Ext-groups of the Nakayama algebra with projectives of length 3n do not
satisfy the condition Ext}(M,N) =0 for n > 0 <= Ext{i(N,M) =0 for n >0

Finally, we discuss an example of the Nakayama algebra with projectives of length 4n. Let I' =
1
‘E/_3 \
a 2
R 2 k’!/

with relations dvBa - - - dyBa, adyp - - - ady B, Bady - - - Bady and vBad - - - yBad, where the length of
each relation is 4n, n is a positive integer. Let A = kI'/{§yBa - - - dyBa, adyB - - - ady B, Bady - - - Bady, yBad
Let the projectives of the above path be;

Py = (S1,82,-,53,54)", Po=(S2,83,-,S54,51)",

P3 = (83,84, ,51,8)", Py = (54,81, ,52,85)".

.. -’75&5).
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The above projectives Pi, P2, Ps and P; have length 4n each. The minimal projective resolution of
the module S is given as;
d d: d d d
"'—>Q4—‘>LQ3—J>Q2—%Q1—1>Q0—O>S1—>O
where Q2; = Q2i+2 = P1 and Q2iy1 = Q2i+3 = P for ¢ > 0 and dz;+1 is a multiplication by « and
dait2 is a multiplication by §y8(adéyB8)™*. From the above resolution we have;
---—>Ael (B? A62 d—?; A61 d—2> Aez CLI) A61 @ Sl — 0.

The pdS1 = oo since the resolution is periodic. The period is 2. The truncation of the resolution is
given as;

dy d3 do dy do
Ps,---—Aer = Aea = Aer = Aez = Aer — 0.

Applying Homa( , M), where M is any given module, we have

ar ar ax
0> Homna(Aer, M) =5 Homna(Aea, M) N Homna(Ae1, M)
dX

dX
N Homa (Ae2, M) N Homa(Aer, M)
where Homa(Ae1, M) ~ e1 M and Homa(Aez, M) ~ ea M.

We calculate the Ext-groups.

5yB(adyp)"

E:pt}\(Sl,M) = ker (62M elM) /S (e1tM 3 eaM)

= {egm|5'yﬁ(a676)"7162m =0} /aerM.
Let M = S5, then we have
E:L‘t}\(sl, SQ) = {6252|675(a57ﬁ)n716252 = 0} /ae152 = 6232/&6152 = k.
This implies that for Exth (S1,Ss), not all values are zero for i > 0. The minimal projective
resolution of the module Ss is as follows;
d d d d d
=2 Q1T Q3 F Q312 Q3 S2—0
where Q2; = Q2i+2 = P> and Q2i41 = Q2:+3 = P53 and d2;4+1 is a multiplication by 8 and da2i12 is a
multiplication by ady(Bady)™ *. From the resolution, we have

d d; d d d
o Aex = Aes F Aex 3 Aer = Aex 2 S — 0.
The pdS2 = oo since the resolution is periodic and the period is 2. The truncation of the resolution
is given below;

dy ds dg dy dg
PSQ"'A62 = Aes = Aes = Aes = Aey — 0.

Applying Homa( , M), we have

ar ar ax
0> Homna(Aea, M) LN Homna(Aes, M) =2 Homa (Aea, M)
dX X

d
N Homa (Aes, M) =2 Homa (Aea, M)
where Homa(Aea, M) ~ ea M and Homa (Aes, M) ~ esM.

We calculate the Ext-groups.
ad asy)" L
Exty(S2, M) = ker (€3M 2Bt 62M> /S (ezM g egM)

= {63m|o¢6’y(ﬂa§7)n_legm = 0} .
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Let M = S1, we have

Ext}(S2, S1) = {e3S1|ady(Bady)" 'esSi = 0} /BeaS1 = e3S1/Be2 St = 0.

a o n—1
Ea:t?\(SQ,Sl) = k:er (CQM E, €3M) /% (€3M W—&/)> eQM)
= {e251|Be2S1 = 0} Jady(Bady) = e2S1/ady(Bady)" tesSi = 0.

The above Ext-groups show that for Exth(S2,S1), all values are zero for i > 0. We therefore
conclude that the condition Ext}(M,N) =0 for n > 0 <= Exzt}(N,M) = 0 for n > 0 does not
hold for Nakayama algebra with projectives of length 4n.

4 Conclusion

We conclude that the condition Ext} (M, N) =0 for n > 0 <= Ext}{ (N, M) = 0 for n > 0 does
not hold for Ext-groups of Nakayama algebra with projectives of lengths 3n and 4n.
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