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Abstract

The class functions and are used in this paper to establish the notion of fixed point theorem on expansive
mappings. The primary result is a generalization of the fixed point theorem for (¢, §)- expansive mappings
on cone b-metric spaces over Banach algebra 2. Investigated are the fixed point's criteria for existence and
unigueness. Additionally, provide an illustration.
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1 Introduction

In 1993, Czerwik [1,2] developed the idea of b-metrics, which expanded on conventional metric spaces. Wang
first proposed the notion of expanded maps in 1984 [3]. The ideas of extended onto mappings on cone metric
space are later established by Aage and Salunke. For expansive mapping, fixed point results have been achieved
in [4] and [5]. The concept of cone metric space over Banach algebras was first developed by Liu and Xu [6],
who replaced Banach spaces as the objective spaces of cone metric space with Banach algebras. Numerous
researchers have published works on fixed point theorems in various types of metric spaces in [7,8,9]. In this
study, using the class functions and, we provide a fixed point theorem for expansive mappings. A generalisation
of the fixed point theorem for (¢, &)- expansive mappings on cone b-metric spaces over Banach algebra is
presented in the main theorem.

Let A be a real Banach algebra, i.e. W is a real Banach space where a multiplication operation is specified,
provided that it satisfies the criteria mentioned below: For all ¢,0,3,€ U, d €.

) ¢le3) = (503
(i) ¢le+3) =¢o+gand (¢+0)3=¢3+03
(iii)  d(s0) = (d5)e = ¢(de);
(iv) llcoli=<liglilol.
We shall assume that the Banach algebra 2 has a unit, i.e., a multiplicative identity e 3 e¢ =¢e =¢, V¢ € U

If there is an inverse element ¢ € A that has the property that ¢o = o¢ = e, then that element ¢ € 2 is said to be
invertible. The inverse of ¢ is labelled by ¢~1.

Let U be a real Banach algebra with a unit e and ¢ € 2. If the spectral radius p(¢) of x is less than 1, that is

p() = limy oy I 6™ IlF = infyay 1l 6™ I15 < 1
then e — ¢ is invertible. Now,

(e—¢o)™ =26
A subset B of A is called a cone of A if

i. {6,e} c B,

i.  PB2=PP P, BN (-P) = {6},

iii. aB+BPcPVapeNR,
For a given cone B c A, we define a partial ordering < with respectto Pby¢ <o & o0 —¢ € B¢ < o will
settle for ¢ < o and ¢ # o, while ¢ < p settle for o — ¢ € int'B, where intP labelled the interior of . If
int # @, then P is called a solid cone. Write || . || as the norm of 2. A cone B is called normal should there be
a number >0, 3V¢, 0 €U, we have 6 S ¢ <o =l¢lI<x PVl o ll. The normal constant of P is the least
positive integer that satisfies the criteria above. Note that, for any normal cone B we have 9t = 1. Here, we'll
assume that 2 is a real Banach algebra with a unit e, B is a solid cone and < with respect to .

2 Preliminaries

Lemma 2.1

(see [10]) If € is a real Banach space with a cone B and if b < dbwithd € Pand 0< 5 < 1,thend =6.
Lemma 2.2

(see [11]) If € is a real Banach space with a solid cone Pand if S u K ¢V K¢, thenu =86.
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Lemma 2.3

(see [11]) Let B be a cone in a Banach algebra % and X € B be a given vector. Let {1} be a sequence in B. If
V60,3 u, KgVvVn>N,then Ve, > 0,3N, 3 Ku, L, vn>N,.

Lemma 2.4

(see [11]) If € is a real Banach space with a solid cone B and {¢,} < B is a sequence with || ¢, |- 0 as 1 — oo,
thenV 6 «< ¢, 39 € N 3 n > 9t we have, ¢, K ci.e.¢, IS a c-sequence.

Lemma 2.5

(see [12]) Let A be a Banach algebra with a unit e, h, K € A. If h commutes with X, then p(h + K) < p(H) +
p(F0), p(OK) < p(H)p(X).

Remark 2.6
(see [12]) If p(¢) < 1, thenl ¢, > 0 asn — .
Definition 2.7

(see [13]) Let X be a non-empty set, w > 1 be a constant and 2 be a over Banach algebra. A function D,: ¥ X
X — W is said to be a cone b-metric provide that, for all ¢, 0,3 € X,

(d1) Dy(5,0) = 0 ©¢ = g;
(d2) Dy(s,0) = Dp(0,9);
(d3) Dy(5,3) < w[Dy(5,0) + Dy(0,3)]-

A pair (%, D,) is called a cone b-metric space over Banach algebra 2.
Example 2.8
Let A = C[d, &] be the set of continuous functions on the interval [d, &] with the supermom norm. Define
multiplication in the conventional way. Then 2 is a Banach algebra with a unit 1. Setp = {¢ € A:¢(t) = 0,t €
[d, 4]} and X = R. Defined a mapping D,: ¥ X X - A by D, (¢c,0)(t) = |¢ —o|PetV ¢,0 € X, wherep > 1is a
constant. This makes (X, D,,) into a cone b-metric space over Banach algebra 2 with the coefficient w = 2P~1,
but it is not a cone metric space over Banach algebra since the triangle inequality is not satisfied.
Definition 2.9
(see [13]) Let (%, D;,) be a cone b-metric space over Banach algebra 2, ¢ € %, let {¢,,} be a sequence in X. Then
1) {¢.} converges to ¢ whenever for every ¢ € A with 8 « ¢ there is natural number ny 3 D, (¢, ¢) K
¢,V n = ny. We indicate this by lim, . ¢, = ¢.
2) {¢.}is a Cauchy sequence whenever Vv ¢ € A with 6 « ¢ there is natural number ny 3 D, (¢, ¢r) K
¢ Vnm=Eng.
3) {X, D,}is complete cone b-metric if every Cauchy sequence in X is convergent.
Lemma 2.10
(see [12]) Let € be a real Banach space with a solid cone B

1) If by, 0,03 € €Eand d; < b, K by, then by K bs.
2) Ifd, € Pand b, K b foreach b; > 6, thend; = 6.
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Lemma 2.11

(see [14]) Let B be a solid cone in a Banach algebra 2. Suppose that§ € P and {¢,} = B is a c-sequence. Then
{b¢,} is a c-sequence.

Proposition 2.12

(see [14]) Let B be a solid cone in a Banach space 2 and let {¢.}, {0} < X be sequence. If {¢,} and {p,.} are c-
sequences and a, 8 > 0 then {a¢, + fo.} is a c-sequence.

Proposition 2.13

(see [14]) Let B be a solid cone in a Banach algebra 2 and let {¢,} c P is a sequence. Such that
1) {¢.} is a c-sequence.
2) Foreachc¢>» 603ny €N 3¢, < cforn =n,.

3) Foreachc¢>»>63In; eN 3¢, <cforn=n,.

Lemma 2.14

1
(see [12]) Let A be a Banach algebra with a unite e, € 2, then lim || " |[» exists and the spectral radius p(b)
n—o0
satisfies

1 1
p(p) = lim I §" IIv = inf Il ™ I,

If p(h) < |8], then (Se — B) is invertible in A, now,

LN - :
o= = 3 s and p(Ge =) < = s

where § is a constant.
Lemma 2.15

(see [12]) Let A be a Banach algebra with a unit e and 98 be a solid cone in . Leth € A and ¢, = h". If
p(B) < 1, then {¢.} is a c-sequence.

Definition 2.16

(see [13]) Let (%, D,) be a complete cone b-metric space over Banach algebra 2 and B be a cone in U with the
coefficient w > 1. Then &: X — X is said to be generalized expansive mapping, if

Dy ($5,§0) > HDy (s, 0)
For all ¢, 0 € X, where h,§* € B are generalized constants with p(§~1) < 1.
Definition 2.17
Let A be a Banach algebra and B = R¢ be a cone in A. A mapping &: B — B such that
1) & is non-decreasing and continuous;
2) lim,. (1) = 6 for all (t € B),t = 0, where F" stands for the nt" iterate of F;

3) ) <tvt>o0;
4) FO) =0.
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Definition 2.18

Let A be a Banach algebra and 8 = R{ be a cone in A. A mapping ¢: B — P such that:
1) ¢ is monotone non-decreasing and continuous i.e., 8 < t; <t, = ¢(t;) < P(ty);
2) {¢p™(®)} (t > 0)isac-sequence in PB;

3) If {u,} is ac-sequence in B, then {¢ (1)} is also a c-sequence in PB;
4) ¢ (1) = Kt, for some (K € P), K > 0.

3 Main Results

We prove a unique fixed point for generalized (¢, &)-expansive mappings via the class functions @ and ¥'.
Definition 3.1
Let (X, D,) be a cone b-metric space over Banach algebra 2 and ¢ = R¢ be a cone in A with constant w > 1.

Let &: X — X be define a generalised (¢, &)-expansive mappings if there exist two functions &: 8 — B and
¢: B — P where § € ¥ and ¢ € ® such that

$(Dy(£5,§0)) > § (6 (9 Dy (5, 0)),
forall ¢, 0 € X, where h,h~1 € B are generalized constants with p(p~1) < 1.
Theorem 3.2

Let (%X, D,) be a complete cone b-metric space over Banach algebra 2 and B be an underlying solid cone in 2
with the coefficient w > 1. Let mapping &: X — X be a surjective self-map of X satisfies the expansive condition

d(Dy (&5, 60)) = F(AWM (5, 0)) (3.1)
where,

Dy, (5, ¢5) o Dy(0,¢0) t g Dy(s,¢0) t g Dy (0,¢5)
Y14+ D,(5,8¢) 214 Dy(0,80)  *1+Dy(s,&0) "1+ Dy(o,é5)

M(s,0) =a + asDy, (5, 0)

for all ¢,0 € ¥, where a; € B, (i = 1,2,3,4,5) such that (a, + wa, + as)™?, (qyw + azw + as)™t € P and
spectral radius p((e —a; —way)(a, + wa, + as)‘l) < 1. Then ¢ has a unique fixed point.

Proof. Let ¢, € X. Since & is surjective, there exists ¢; € ¥ such that é¢; = ¢,.

¢(Db(€'o'§1)) = ¢(Db(f§1:f(;2))
Dy (51,€61) n Dy, (52,¢62) n Dy (51,€62) \

T D, G Ec) T 21+ Dy (0 8¢5) 21+ Dyl €¢y)
d(Dy(61,€62)) » & ¢k b (61,861 Db(gz,fgl)b G2 ECZD b(61,$62 )
1 D,y 0 T % b($1,62)
/ a Db(CIICO) a Db(Cz;Cl) a Db(§'1,§'1)
sl o] TG T T D) T T D)
Dy, (2, 60)

—— 4+ a:D ,
a41+Db(§2,§0) asDp(61,62)

1Dy (61,60) + @D (52, 61) + azDy (61, 61)
P(Dy(x0,21)) > <¢ ( +a,Dy (62, 60) + asDy (51, 62) >>

28



Hussain and Maheshwaran; Asian Res. J. Math., vol. 19, no. 5, pp. 24-36, 2023; Article no.ARJOM.97691

= 5(¢ (az + as)Dp(51,62) + alDb(§1v§0)>>

( +a,w[Dy (o, 61) + Dp(51,62)]
<¢ (az + a5)Dy(51,62) + alDb(§1v§0)>>

Qfl

+a,0Dy (o, 61) + a,0Dy (61, 62)
(az + way + as)Dy (s, Cz)))
+(“1 + way)Dy (61, o)
g <(a2 + way + as)dDy, (1, Cz))
+(a1 + way)PDy (51, o)

Which implies that

(e —ay — way) ¢(Db(’§0v C1)) c5’((052 + way + as)PDy (g4, Cz))

Again we can choose ¢, € X such that é¢, = ¢;. Now,

¢(Db(§1' §2)) = ¢(Db(f€’2:f€3))
Dp(62,852) Dp(53,§63) Dp(62,£63)
1 2 3
¢(Db(sz,fC3)) =% ¢ 1+Dp(62,562) 1+Dp(53,663) 1+Dp(52,663)

Dp(63,652)
4 T4y (catss) + asDp (52, 63)

Dp(52,61) Dp(53,62) Dp(62,52)
=% ¢ L 14Dp(52.61) 2 1+Dp(53.52) 3 14Dp(s2.,52)

Dp(3,61)
4 T340y (ca0) + asDy, (52, 63)

a1 Dy (62, 61) + a2Dp (63, 62) + asDy (62, 62)
o0t =5 (o (S ™)
(az + as)Dy(53,62) + a1 Dp(62,61)
> <¢ ( +a,0[Dy(51,62) + Dy (62, 63)] >>
(az + as)Dy (53, 62) + a1 Dp(62,61)
> <¢< +a,wDy (61, 62) + awDy, (62, 63) >>
(a + way + as)Dy(s3,67)
>8 <¢< +(a1 + way)Dy(62,61) ))
o 81((052 + way + as)‘IbDb(Cs:Cz))
g +(a; + way)PDy (52, 61)

Which implies that

(e —a; —way) ¢(Db(€'1: Cz)) ?f((“z + way + as)PDy, (6, §3))

Continuing this process, we obtain by induction a sequence {¢,,.} in (X,D,) by ¢, = é¢,41, forn =0,1,2, ...

¢(Db (4 Cn+1)) = ¢(Db nt1s f§n+2))
¢(Db (S;Cn+1 ) €§n+2 )) >
Dp(Sn+1,§6n+1) Dp(Sn+2,§Sn+2) Dp(Sn+1,§6n+2)

% ¢ L 14Dp(gn1 E6ne1) 2 14Dp(gn2 ESns2) 3 14D (gn1 ESns2)

Dp(Sn+2,$Sn+1)
4 14Dp(gnt2 ESnt1) @50y (Grv1 Gnvz)

Dp(Sn+1.,5n) Dp(Sn+2 Sn+1) Dp(Sn+1,Sn+1)
=% ¢ L 14Dp (1 6n) 2 14Dp Stz Snt1) 3 14Dp (St Snt1)

Db(Cn+2:§n)
— =" 4 a:D ,
4 14Dy (6nez ) sDp (Sns1s Sna2)

1Dy (G156 ) + @2Dp (a2 Snat ) + 3Dy (St s S )
Dy (i u0)) > i‘s( (Pt )
¢( pi6m Snt1 ) ¢ +a4Db(§n+2'§n) + aSDb(§n+1'§n+2)

29



Hussain and Maheshwaran; Asian Res. J. Math., vol. 19, no. 5, pp. 24-36, 2023; Article no.ARJOM.97691

=% <¢ ((0‘2 + a5)Dp (Gnt1s Sz ) + @1 Dp (St S )))
+a4w[Db (Cn' gn+1) + Db (gn+1' gn+2)]

> g’ (¢ ((052 + aS)Db (Cn+1 ) Cn+2 ) + alDb (Cn+1 ’ Cn )))
+a, @Dy (G, Gnp1) + A3@WDp (Grt1) Sraz)

(az + way + as)Dy(Gni1) Snr2)
78 <¢< +(ay + 0a) Dy (Sni1,6n) ))

(a; + way + as)PDy (G41, §n+2))

z "{;( +(a; + way)PDy (Gni1 5 Gn)

The last inequality gives

(e — ay = 0ay) ¢(Dy(Sur1,6n)) = F((@z + way + @5)PDy (Gurs Sns2))- (32)
Put (a, + wa, + as) =y, then

(e — ay = wa)(Dy(Sur1,6n)) = FY DDy (Gnra, nr2))- (33)
Since y is invertible, to multiply y~* on both sides of (3.3)

F(@Ds vt Sn2)) < DP(Dp (G, 6n))
Where h = (e — a; — way)(a, + wa, + as)™t. We get

< b¢(Db(Cn+1 ) Cn ))
< B[0¢(Dy (6ns 6-1)) |
= b2¢(Db (Cn » Cn—1 ))

%(¢Db(gn+1'§n+2))

< bn+1¢(Db (51,60 ))

Now for m > n we have by triangle inequality and p(p) > 1,

F( @D (6 6)) < (D (s St )) + D (P (Gint 6u)) + -+ + P(Dp (Grs1 6n))
SO HHTE A 4+ 5+ 5 (D, (61, 60))

(e+0'+52+ 0%+ -+ 5" " H)Ph"(Dy (61, 60))

(X260 599"P(Dy (61, 60))

h'(e — b)_1¢(Db(§1:C0))

AN

The properties of & and ¢ implies that

Dy (6 6u) < B"(e — 5)71(Dy (51, 60))

By lemma 2.4 and the fact that Il h"(e — §)"*(Dy (1, 6p)) Il= O(n - ) because of Remark 2.6, Il p" [l
0(n— 0),itfollowsthat V¢ € Awithd <K ¢,AN>3Vm>n> N, we have

Dy (6 6) < B"(e — )™ (Dy (51, 60)) < c.

Which implies that {¢.} is Cauchy sequence. By the completeness of X, 3¢* € X, 3¢, = ¢'(n— ).
Consequently, we can find an ¢** € X 3 é¢™ = ¢*. Now we show that ¢* = ¢**. In fact,

d(Dp(s™,6)) = P(Dy (€™, EGns1))
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Dp(¢™,€¢™) Dp(Sn+1,$6n+1) Dp (6™ € 6n+1)
1 p— 2 3 o
- 1+Dp(¢™*,§6™) 1+Dp(Sn+1,86n+1) 1+Dp(¢**,§n+1)
¢(Db(§g ,§§n+1)) 78| ¢ Dp(gn+1,56™) D ( *k )
oy LRt 0y g
LD (G g | CBPNS S
Dp(s™6") Dp(Sn+1,5n) Dp(§™ 6n)
L14Dp(™6%) 2 14Dp(Snrns) | 1+Dp(66n)

=%| ¢

Dp(Sns1.6")
4 1+Dp(Gn+1.5")
% <¢ (alDb (6™, 6") + 3Dy (Gur1, ) + @3y (¢, cn)))
+a3Dp (§ns1,6") + asDp (6™, Gat)

+ asDp (6™, §nt1)

=

Since the properties of § and ¢ and triangle inequality, we have

Db(c**’ C*) ? w[Db (C*» Cn+1) - Db((n+1' Cn)]
(6" 6) < @[Dyp (6", 6nt1) + Dy (Gpa1s S)]

and

Dp(s™,6) < @[Dyp(™, 6ns1) + Dy (Sna1s S)]

It follows that

a0 [Dy (6™, 6nt1) + Dp(Sa1, §] + a2Dp (G1s S)
d(Dy(s™, ) = | ¢ +a30[Dy (6™, Gnsr) + Dp (Gnas S
+a4Db (Cn+1t C*) + aSDb (C**; Cn+1)

a1 0Dy (™, Gnr1) + A1 0Dy (G40, 6™) + A2 Dp (G, Gn)
8| ¢ +azwDL (6™, Gny1) + A30Dp (Srp1, §n)
+a4Dp(§ns1,6") + asDp (6™, Gat)
% <¢ ((Chw + azw + @)Dy (6™, Gup1) + (@10 + @4) Dy (Gri1, §*))>
+(Cl2 + a3w)Db (§n+1t gn)
(yw + azw + as)Dp (6™, Guir) + (@@ + @)Dy (S, G'*)))

¢(Db (C*, Cn)) 78 (¢ ( +((12 + agw)Db (§n+1' gn)

The properties of & and ¢ implies that

(qyw + azw + as)Dyp (6™, Guer) + (@1 + @) Dy (Gs1s C*))
+(az + a30)Dy (Sna1s Gn)
(e —ayw — ay)Dyp(§", Gua1) )
+(e — az + a30)Dp (Gns1) Gn)

Dyp(s7,60) = (
(1w + azw + as)Dy (¢, ¢ri1) < <
Where

[ (e—ayw—a)pDy(S", Sns1)

Dy (¢™, ¢, < (A + azw + a:)™?t n .
BODH (™ ) < (@000 + 50 £ 007 (o g, 1 i), (im0
This implies that

F(PDL (5™, 6ns1)) < T10DL (6™, §ni1) + T2PDp (Gu15 Gn)

where,

7 = (o + azw+ ag) e —aqw —a,) €Y,
T, = (o + azw + as) (e — a, + azw) € A.
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Now by proposition 2.3; {7,¢D,(¢*, 1) + T2 Dy (¢rr1,S)} are ¢ -sequences and so {t;D,(¢*, ¢nyq) +
72Dy (¢ry1, S} IS also a c-sequences . Owing to ¢, = ¢*(n — ), it follows by lemma 2.3. that vV ¢ € U with
6 « ¢,3 N € N such that

& (¢Db(c**:Cn+1)) S 110Dy (6% Gus1) + T20Dp (6ri1, S K G, vn>N

Hence c5—(¢>Db (q**,§n+1)) & ¢. Since the limit of a convergent sequence in cone b-metric space over Banach
algebra is unique, we have ¢* = ¢**,i.e.,¢" is a fixed point of ¢.

Finally, we prove the uniqueness of the fixed point. In fact, if o™ is another common fixed point of &, that is,
§o* = o, form (3.1) we have

b Do(sE6) o Dy(ende) | Dy(shée) \\I
1 * * 2 * * 3 * *
\ +Q4W+QSDIJ(C ,0") //
( /a Do(s's) - Dy(ehed) - Dy(she?) \\|
—%| o Y14+ Dy(c%¢") 214 Dy(e%e") 1+ Dy(s%e%) |
=5 a Dy(e",¢") @D, (") 0") !
\ T+ Do) e //

a;D,(¢*,¢") + ayDyp (0%, 0%) + asDy (5™, Q*)))
+a,Dp (0, ¢*) + asD,(¢*, 0")

BDy(s"0M) > F <¢(
The last inequality gives

(as + ay + as — e)F(PpDy(s",0M)) < 6

Thus, §(0) = 0, then F(¢D,(c*,0*)) = 6. This implies that D,(¢*,0*) = 8. It follows that ¢* = o*, a
contradiction show that the fixed point must be unique.

Corollary 3.3

Let (%X, D,) be a complete cone b-metric space over Banach algebra 2 and B be an underlying solid cone in 2
with the coefficient w > 1. Let mapping &é: X — X be a surjective self-map of X satisfies the expansive condition

d(Dy (&5, 60)) 7 F(HWM(5,0))

where,
Dp(5,€9) Dp(e.$0) Dp(0.8¢)
= D
M 0) = et 2 vyt T % Trnpiete T 4Pe(60)
forall¢,0 € X, where a; € B, (i = 1,2,3,4) such that (a, + wa; + as)™ L, (o +ay) 1 e

B and spectral radius p((e —a; —waz)(a, + wag + a4)'1) < 1. Then ¢ has a unique fixed point.
Corollary 3.4

Let (X, D,) be a complete cone b-metric space over Banach algebra 2 and B be an underlying solid cone in 2
with the coefficient w > 1. Let mapping &: X — X be a surjective self-map of X satisfies the expansive condition

d(Dy(§s,60)) = F(AWM(5,0))
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where,

M(g,0) = a;Dy(s,¢0) + a;Dy(0, &) + azDy(s, 0)

for all ¢,0 € ¥, where a; €B, (i = 1,2,3,4,5) such that (wa, + a3)™!, (a0 + a3)™t € B and spectral
radius p((e —way)(wa, + a3)‘1) < 1. Then € has a unique fixed point.

Example 3.5

Let the Banach algebra 2 and the cone B be the same ones as those in example 2.8. Let X = {023 } and let

Dy: X x X - A. Clearly, (X,D,) is a cone b-metric space over Banach algebra 2 with coefficient w = % >1.

Define §: B - P by F) < tforallt> 0. Then F € ¥. Also define ¢: B — B by ¢(t) = Kt for some K > 0.
Then ¢ is a continuous comparison function. Now define the mapping &: X - X by

1) Dy(,0) = 0,where¢ =09,V ¢,0€X.
2 5,(03)=0,(0) =10 02) =0 (.0) =10, () =0 G2 =

Define by £(0) = 0,¢ (%) = ;,f (z) =0.Leta; =a,=a3=a,=as = %, clearly, a,+a, +ag+
a, + as < 1. Next we will verify the condition (3.1). It have the following cases to be considered.

Case (i): ¢(D, (&5, 0)) = 0, the inequality (3.1) holds.
Case (ii): d)(Db (¢g, fg)) # 0, we have following cases to be considered.
Case (ii-a): ¢ = 0,0 = % we can get ¢ (D, (&6, €0)) = § then

/1 Dy(0£®) _ 1 2s(34(3)) L1 2s(04(3)) \\
6 1+Dp(0,£(0)) 61+Db(§,§(§)> 61+Db(0,$(;)))

;7 E| 0
2 k L1 Dp(3£(0))

1 1
imoreoy T2 (03)

R )
1| 1+000) " 1+Dp(33) * 1+0,(03)

W

W

A\

N | =
A\

(161)
180

B(D,(55,00) > & (¢ (s, 0))

Dp(6.45) Dp(e0) Dp(s¢0)
L1+Dp(céc) | 2 14Dp(ege) | S 1+Dp(sf0)
o(Dy(¢5,80)) > §| ¢ T eEs) ’
—————+asD, (C; Q)

414D (0.£6)

Therefore, the inequality (3.1) holds.

Case (ii-b): ¢ = % 0= % we can get ¢ (D, (¢, €0)) = % then
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1

/ /g ; T s T T - N
~>F| ¢ 1405(34() 1 “j’b(?f 3)  cro(3()
k n 1%(5’—6(5)) + lDb (1 1) )

_'f@)) 1 0o(366) 1 oe(340)) \\

2’2

A\

v

A\
AlRrAIROIR Ok

)
¢(Dy(¢5.60)) » § (¢ (M, 9)))

Dp(6.$5)

N |-
A\

L1+Dp(cés) | 2 14Dp(e0) | S 1+Dp(c0)

Dp(0,0) Dp(5.¢0)
9(Dy(§5,0)) > F| ¢
a, 2225 + asDy (s, 0)

414D (0.)

Therefore, the inequality (3.1) holds.

Case (ii-c): ¢ = ; 0= % we can get ¢ (D, (¢, €0)) = § then

1

1 26(3663) 1 2e(3G) 1 2el346)

o1eoy(32()) * er1em(32())  ©142(340))

;>$(¢( L

|

o140 (34())

no) | oa(3) . 2a(2)
1 140p(30) © 14Dp(33)  14Dp(33)
| o) s
+ 1+D(20) Dy (5’ 2 )
Y I B S
6 1+% 145 147 2
1/1 8 1 2 1 4 1
FiExa ity
1/1 1 1 1
>g§;+);+5+5)
1 1/103
- > | —
2 6\ 90
¢(Dy(85,80)) > & (¢%(M(c. 9)))
Dp(5.8¢) X
1+Dp(s.60)

L14Dp(cés) | 2 14Dp(ef0)

Dy (0é0) @ Dp(s.$0)
$(Dy(§65.60)) > §| &
n Dp(0.£5) +a5Db(§!Q)

*14Dp(0.89)

Therefore, the inequality (3.1) holds. Where a; € B, (i = 1,2,3,4,5) such that

(ay + way + as)™ L (0 + azw + a5) L EP
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and spectral radius
p(le —ay — way)(a, + wa, +as)™ ) <1

Therefore, we showed that the condition (3.1) is satisfied in all cases. Then & has a unique fixed point¢ =0 €
X.

4 Conclusions

In Theorem 3.2 we have formulated a new contractive conditions to modify and extend some fixed point
theorem (¢, &)- expansive mapping in cone b-metric space over Banach algebra. The existence and uniqueness
of the result is presented in this article. We have also given some example which satisfies the condition of our
main result. Our result may be the vision for other authors to extend and improve several results in such spaces
and applications to other related areas.
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