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Abstract
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1 Introduction

Fixed point theory is one of the very popular tools in various fields. It has been used to prove the
existence and uniqueness of solutions for some integral and differential equations. Since Banach
introduced this theory in 1922 [1], 1t has been extended and generalized by several authors due to
its simplicity and practicability. Caristi type fixed point theorem is one of these generalizations.
It is a modification of e—variational principle of Ekeland [2].It is crucial in nonlinear analysis, in
particular, optimization, variational inequalities, differential equations, and control theory. Other
than that, this theorem has been extended to multi-valued mappings by Nadler [3]. Since it is
very important in several fields of mathematics. Feng and Liu gave a generalization of multivalued
contractive mappings and multivalued Caristi type mappings [4]. Also, Khojasteh, Karapinar, and
Khandani investigated Caristi type fixed point theorems for multivalued mappings in metric spaces
and they gave an application in functional equations [5].

The notion of modular space was introduced by Nakano [6] and was intensively developed by Koshi,
Shimogaki, Yamamuro (see [7, 8]) and others. A lot of mathematicians are interested in a fixed
point of modular space. In 1990 Khamsi, Kozlavski and Reich introduced modular function spaces.
In 2008, Chistyakov introduced the notion of modular metric space generated by F-modular and
developed the theory of this space [9], on the same idea he defined the notion of a modular on
an arbitrary set and developed the theory of metric space generated by modular such called as
modular metric spaces in 2010 [10]. He also investigated topology and convergence of the modular
metric spaces. Kiling and Alaca [11] defined (e, k) —uniformly locally contractive mappings and 7-
chainable concept and proved a fixed point theorem for these concepts in complete modular metric
spaces. Kiling and Alaca [12] proved that two main fixed point theorems for commuting mappings in
modular metric spaces. Recently, many authors [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26],
studied on different fixed point results for modular metric spaces. In 2014 Khamsi and Abdou
investigated Hausdorff metric modular in modular metric spaces[27], and proved fixed point theorem
for multi-valued mappings. Chaipunya et. al. gave some fixed point results of multivalued mappings
in modular metric spaces [28]. Turkoglu and Kiling gave modular metric versions of Khojasteh,
Karapinar, and Khandani’s results [29)].

In this paper we try to give modular metric versions of Feng and Liu’s results which are more
general than their metric counterparts. Readers must notice that modular convergence is weaker
than general metric convergence and modular topology is coarser than metric topology on X,,.

2 Preliminaries

2.1 Metric Modulars

In this section, we will give some basic concepts and definitions about modular metric spaces which
are usefull to show the main results.

Definition 2.1 [[10], Definition 2.1] Let X be a nonempty set, a function w : (0, 00) x X x X — [0, o]
is said to be a metric modular on X if satisfying, for all ,y, z € X the following condition holds:

(7)) wa(z,y)=0forall A >0 < z=y;
(i) wa (z,y) = wx (y,z) for all XA > 0;
(43) wayp (z,y) < wa(z,2) +wy (z,y) for all A, > 0.
If instead of (i), we have only the condition

(/) wx (z,x) =0 for all A > 0, then w is said to be a (metric) pseudomodular on X.
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The main property of a metric modular [[10]] w on a set X is the following: given z,y € X,
the function 0 < A — wy (z,y) € [0, 0] is nonincreasing on (0, 00). In fact, if 0 < p < A, then (i4i),
(z) and (i) imply

WX (amy) < Wa—p (QZ,CE) +wy (may) = Wy (1’7 y) .
It follows that at each point A > 0 the right limit wx1o (z,y) = #Erﬁ-ow“ (z,y) and the left limit

wx—o (x,y) = EliIE:OwA,E (z,y) exist in [0, 00] and the following two inequalities hold:

wato (z,y) <wa (z,y) < wio (z,y).

2.2 Modular convergence and modular topology

In this section we give modular topology and modular convergence in the sense of Chistyakov.
Readers can also see [30] for further informations. But first of all we start with metrizability of
modular spaces.

Definition2.2 [30] Let w be a pseudomodular on a set X. Then w induces an equivalence relation
% on X as follows:
let z,y € X,z 2y iff wx(z,y) < oo for some A > 0

Then for a fixed zg € X, we can define an equivalence class as follows:

[zo] = {z € X : 3X > 0 such that wx(z,z0) < co}
This class is called a modular space (around zo) and shown as X, (o).
Now we can define metric on X, (zo) as follows:

Definition 2.3 [30] Let w be a pseudomodular on X . Set
doy(x,y) = inf {A > 0 : wx(z,y) < A}

where x,y € X, then d3 is an extended pseudometric on X and if d%(x,y) < oo is equivalent to
z Ny, d) is a a pseudometric on X, (o).

Kumam and Chaipunya [31] showed that if X, (zo) = X for all 2o € X, then we write X,, in place
of Xuw (o).

Theorem 2.1. [2.1] [30] Given a sequence ( z,) C X and x € X ,we have:
Zn = x if and only if wa(xn,x) = 0 for all X >0 (2.1)

Moreover, if w is convex, then (2.1) is also equivelent to dw(xn,x) — 0,and if w is a modular on X,
then the limit is unique.

Definition 2.4 [30] Given x€ X and r > 0, the open ball of radius r centered at x is the set
B(z,r) = Bd?” (z,7) = {y € X: dg,(:my) < r}
and a nonempty set UC X is open if for every = € U, there exists r > 0 such that B(z,r) C U.

Now we can give metric topology 7(d%) on X,: U € 7(d%) iff U¢ is closed with respect to the
metric convergence. Chistyakov gave modular open sets as follows which he called w—entourages
(or modular entourages):

Definition 2.5 [30] Given A\, u > 0 and =z € X,,, the w-entourageabout x relative to A and p is
the set
Bau(z) = BY ,(z) = {y € Xu : wa(z,y) < p}
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Thus we can give the caractarizationof open sets in terms of w:

U € 7(d,) & Vx € X,,3u > 0 such that B, ,(z) C U

Definition 2.6 [30] A nonempty set UC X said to be w-open if for every z € U and A > 0 there
is p > 0 such that By ,(z) C U. If 7(w) is a family of all w—open sets on X, then 7(w) is called
w-topology (or modular topology) on X,,.

Definition 2.7 [[18]] Let X, be a modular metric space. Then following definitions exist:

(1)

(8)

The sequence (:cn)nEN in X, is said to be convergent to x € X,, if wx (zn,z) — 0, as n — 00
for some A >0

The sequence (mn)nEN in X, is said to be Cauchy if wx (@m, zn) — 0, as m,n — oo for some
A>0

A subset C of X,, is said to be closed if the limit of a convergent sequence of C always belong
to C.

A subset C of X, is said to be complete if any Cauchy sequence in C'is a convergent sequence
and its limit is in C.

A subset C of X, is said to be w—bounded if

0w (C) = sup{wx(z,y);z,y € C} < oo.
A subset C of X, is said to be w—compact if for any (z,,) in C there exists a subset sequence
(zn,) and x € C such that wx(zn,,z) — 0

w is said to satisfy the Fatou property if and only if for any sequence (1), oy in X w—conver-
gent to x, we have
wx(z,y) < liminfwy (zn,y),
n—oo

w is said to satisfy Ax—condition iff lim wx(zn,z) = 0 for some A > 0 implies lim w (zn, ) =
n—oo n—oo
0 for all A > 0.

3 Main Results

Now we we will give our main results. Before we start let us define a set I; as follows.

Let T : X,y — N(Xw) be a multi-valued mapping. Define the function fx : X\, — Ry as f(z) =
wx(z, T(z)).

For a constant b (b € (0,1)), define the set I C X, as

Iy ={y € T (z) | bwx(z,y) < wa(x, T(x)}

Let us consider the set Ij: 1 —a) Let z € T'(z) and y = z, then

bwi(y,x) = bdbwa(z,z) <wx(z,T(z))0 <
wx(z,T(z)) =0

1—-0b)Let z,y € T(x) and y # z, then wx(z, T'(x)) = 0 but wx(y, ) # 0 which means the inequality
bwx(z,y) < wx(z,T(x) couldn’t be satisfied for any b € (0, 1), that is the set I = {z} if x € T'(z)

2) Let © ¢ Tz, then y € T'(z) for some y # x. When we use the definition of modular distance we

get

wx(z,y) <wx(z,T(z)) +e
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for € > 0. If we choose £ = (1 — b) wx(z,y), we get

wi(z,y) < wa(z,T(x))+ (1 -b)wr(z,y)
bwr(z,y) < wr(z,T(z))

which means y € I}. Thus I} # 0
Now let us give our main theorem of this section.

Theorem 3.1 Let X, be a complete modular metric space induced by w, T : X — C(Xw) be
a multi-valued mapping, wx(z,Tx) < co and w satisfies Ay—condition. If there exists a constant
c € (0,1) such that for any z € Xw there is y € Iy satisfying

wi(y, T(y)) < cwa(z,y)

and then T has a fized point in X., provided ¢ < b and fx is lower semi-continuous for some
A>0.

Proof. Since T(z) € C(Xw) for any x € X, I is nonempty for any constant b € (0,1). For any
initial point xo € X,,, ther exists 1 € Ibmo such that

wx(z1,T(x1)) < cwa(zo, 1)
for some A > 0 and for ;1 € X, there exists x2 € IZ” satisfying
wx(z2, T(x2)) < cwx(z1,2)
for some X > 0. Continuing this iteration we can get a sequence (x,), where xn41 € I}
WA (Trt1, T (Tnt1)) < cwr(Tn, Tnt+1), n=0,1,2,...
for some A > 0. On the other hand x,+1 € IZ”" implies that
bwx(Tn, Tn+1) < wr(Tn, T(zn)), n=0,1,2,...

for some A > 0. From These two inequalities above we can write

W (@ny1,T(2n11)) < cwx (@n, @ni1) S W (@n, Ten)
W (@ni1, T(znsr)) < gwk(xn,T(mn) (3.1)
and
WA (Tny Trg1) < %w,\((cn,T(xn)) < gwx(mn,xn_l
WA (Tn, Tnt1) < gwA(a:n,a:n_ﬂ (3.2)

for some A\ > 0. Using the inequality (3.2) succesively we get

WA (Tn,y Trng1) < gwx(a:n,a:nfl) <... < (g) wx(x1,20), n=0,1,2,...

and using the inequality (3.1) succesively, we get

wi (2, T(xn)) < gwx(xn_l,T(xn_l)) <

IN

(%)nwk(T(xo),xo), n=0,1,2,...

for all A > 0. Then, for m,n e N, m >n

WA(Tn, Tm) < W_x (Tm,Tm-1)+ - F+W_r (Tng1,Tn)

c\ym—1 c\"
< (5) w_x ($07$1)+-~~+(5) w_x_(wo,21)
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Since ¢ < b, lim (%)n = 0 and since 0 < wx(Tn, Tnt1) < 0o we get lim wx(Tn, Tny1) = 0Since w
n— o0 n— oo
satisfies Ap—condition, if lim wx(@n,Znt1) = 0, then lim wy (n, Tny1) = 0. If we continue this
n—o0 n— oo 2
iteration we get lim w%(mn, Zn+1) = 0 for some k € N . If we choose k € N such that 2k <« m — n,
n—oo ok

then from the main property of modular metric we get lim w_x  (@n,Tn+1) = 0 for some A > 0.

n—oo  m-—

If we take the limit as n — oo, we get

(5)"

lim wx(zn, zm) < lim w_x_(zo,x1)
n—o0o n—oo] — (%) m—n
lim wx(zn,zm) = 0

n—o0

which means that (z,) is a Cauchy sequence. Since w satisfies Az—condition X, is complete,
and there exists « € X, such that (z,) converges to x. On the other hand {fi(zn)} o, =
{wr(xn, T(xn))} oo, is decreasing. In fact

Ir(@n) = wa(Tn, T(xn)) < gwk(xn—lyT(xn—l)) = gf(:rn—l)

and since § < 1,then {fx(zn)},-, is decreasing for some A > 0. fi(z) = wa(z,T(x)) is positive so
{fx(mn)}n o converges to 0. Since f is lower semi-continuous, we have

0< fa(@) < lim fx(za) = 0.

n— oo

Hence fx(z) = 0. And from the closeness of T'(z) we can say that € T'(z). And this completes the
proof. O

Now let us give some remarks of this theorem.
Remark 3.1 Theorem 1 is a generalization of Chaipunya et al.’s theorem [28].

(1) In fact, if T satisfies the conditions of Chaipunya et al.’s theorem, then; f is lower semi-
continuous, which follows from the fact that T, being a multi-valued contraction, is upper semi-
continuous. And for any x € Xy, y € T(x),A >0

wa(y, T(y)) < Huw(T(2), T(y)) < cwr(z,y).

Hence T satisfies conditions of theorem 1, the existence of a fixed point has been proved.

(2) The following example shows that Theorem 1 is an extension of Chaipunya et al.’s theorem
[28].
Let Xo = {3,550y U{0,1}, wa(z,y) = $|z—y| for z,y € Xu and for all X > 0.

Speciﬁcally we choose A = 1, then wl(a: y) = |z —y| and X is a complete modular metric space.
Define mapping T : X — C’( w) @

{z:1}, o=45,n=0,1,...
— on+1) ) 2m ) »
T(z) { 0,1}, z=0.

One can see that T is not a contractive mapping in Chaipunya et al.’s meaning, in fact for

1 1

H,(T( > :wl(Q—n,O), n=12 ..

27 )

But one can show that

1
_ _ on+1: x:2n7n712
fla) = war@) = { T 073
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and f is continuous. Moreover there exists y € I5 5 for any v € X, and

w1y, T(w)) = 5u1(z,9)

Remark 3.2 Theorem 3.1 doesn’t guarantee the uniqueness of a fixed point.
Now we can give a proposition after this theorem.

Proposition 3.1 Let X., be a complete modular metric space, T : X — C(Xw) be a multi-valued
mapping. If there exists a constant ¢ € (0,1) such that for any v € Xy, y € T(z) and for all A >0

wa(y, T (y)) < cwa(z,y),
then T has a fized point in X, provided f=wx(x,T(z)) is lower semi-continuous.

Remark 3.3 f(x) being lower semi-continuous play crucial role proving these theorems. Without
this assumption we couldn’t show that T has a fixed point even if the other assumptions hold for all
A > 0. Define mapping T : X — C(Xw) as

L1 :L =
T(a:):{ 1{2n+u2n+z}7xiozmn 0,1,2,...

)
and define metric modular as
wx(z,y) = |z —y|
for x,ye Xy, and A = 1. It is easy to show that

Lo =21 n=0,1,2..
f() { {21}+1 2

Hence the function f is not lower semi-continuous and although other conditions hold T has not a
fized point in X,,.

4 An Application to Non-homogeneous Linear Parabolic
Partial Differential Equations

Poom et. al. investigated applications to differantial equations for fixed point theorems in [32].
Now we try to show that these results are naturaly satisfied for Feng and Liu type mappings in
modular metric spaces. In [32] they gave the initial value problem for a non-homogenius linear
parabolic partial differantial equation as

fe(z,t) = foa(z,t) + S(z,t, f(2,1), f2(x,1), —00 <z <00, 0<t<T f(z,0)=¢(x) >0 (4.1)

for z € X, where sis continuous, ¢ continuously differantiable such that ¢ and ¢’ are bounded.
By a solution of this problem, a function f = f(z,t) is defined on R x I where I = [0,T] satisfies
following conditions:
o fty foy fox € C(C(R X I')) where C( R x I') denotes all continuous real-valued functions,
[y f« € R x I are bounded,
fe(@,t) = foa(z,t) + S(2,t, f(z,1), fo(z,1)), (2,t) €R X,

f(z,0) = ¢(x) >0 for all z € R.

i
i)
iii)
)

iv
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The differential equation problem above, is equivalent to the following integral equation problem:
oo t oo
f@o = [K@-s06@as+ [ [ K@-di-u)SGu fGu). LG 0dde (42)
— 0o 0 —

for all z € R and0 < t < T where;
1 —x?
K(z,t) = —=e 2t .
47t

The problem in (4.1) has a solution iff the corresponding problem (4.2) has a solution. Let
B={f(z,t): f, f € C(Rx I),]||f|| < o0}

where

Il = sup [f(z, )]+ sup [feo(z,t)].
zER,tET zeRtel

Now let us define the metric modular on B as follows:

wa(f,9) = 51 gl

Clearly B,, is a w—complete modular metric spaces and is independent from its generators. Now
we can give the following theorem:

Theorem 4.1 Let the problem
fe(z,t) = fax(z,t) + S(x,t, f(z,t), fo(z, 1), —c0o <z <00, 0<t<T
f(2,0) $(z) 20

and assume following:

i) For ¢ > 0 with |s| < ¢ and |p| < ¢ the function S(xz,t,s,p) is uniformly Hélder continuous
in x and t for each compact subset of R x [

_ -1
ii) There exists a constant cs < (T tonT T%) < q where q € (0,1) such that

1
0 < X[S(x7t7527p2)_S(m7t7517p1)]

c [52—81 + p2 —pl}
° A

for all(s1,p1), (s2,p2) € R x R with s1 < s2 and p1 < po,

IN

iii) S is bounded for bounded s and p;

Then the problem has a solution.

Proof. Let us choose = € B,, is a solution of the problem above, if and only if x € B,, is a solution
integral equivalent.When we take the graph G with V(G) = B, andE(G) = {(z,v) € Bw X By :
z(z,t) < v(z,t) and zz(x,t) < vi(z,t) for each (z,t) € R x I}, E(G) is partially ordered and
(Bw, E(G)) satisfy property (A). The mapping F' : By, — Bydefined as

F(f)(z,t) = /K(ﬂc —4,t)p(6)dd + / / K(z —6,t —u)S(5,u, f(0,u), fz(5,u))dddu

for all x € R and when we solve the problem, solution give us the existence of fixed point of F.
Since (z,v), (22, V), (F(2), F(v)), (F(2z), F(vz)) € E(G) and from the definition of F' and (ii)

S, ) = F(e(z,0)] < cswa(z,0)
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Therefore we have

§|(Fv)x(ac,t))—(Fz)x(:r,t))| < cswA(z,v)/K(x—é,t)qﬁ(é)d(S

—o0

IN

QW_TIT%Csw)\(Z, v)
Then we have
wx(Fz, Fv) (T yor T T%) cswa(z,v)

<
wr(Fz,Fv) < cwx(z,v),ce€ (0,1)
AMFz—Fv| < Alz—v|

If we take these inequalities in the sense of Feng and Liu we can get

Aov—Fv| < AHq(Fz Fv) < Az —v|
d(v, Fv) < Hy(Fz, Fv) <d(z,v)
wx(v, Fv) < wa(z,v)

since we have bwa(z,v) < wx(z, F(z)) while b € (0,1).Then there exists a z* € B, such that
F(z*) = z*. Hence this gives our problem a solution. O

5 Conclusion

In this paper, authors aimed to find Feng -Liu type fixed point theorems in modular metric spaces.
Our results wereexplained in four sections. In section 1, authors tried to explain the progress of
fixed point theory and modular metric spaces. Also some basic studies were given for readers.
Preliminaries section parts two subsections. In subsection 2.1. authors gave some basic concepts of
metric modulars and modular metric spaces. In subsection 2.2. modular convergence and modular
topology were investigated. In section 3, a fixed point theorem for Feng -Liu type mappings in
modular metric spaces was given. Also some examples were showed to explain the results are more
general than Chaipunya’s results which is given in jcite;chip:multij/cite;. Some remarks were also
introduced. In section 4, an application of our results to non-homogeneous linear parabolic partial
differential equations were given.
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