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Abstract

O'Neill [1] introduces the concept of dualistic partial metric space. In this study, we prove some common
fixed-point theorems for dualistic expanding mappings defined on a dualistic partial metric space. Some
famous conclusions of [2] and [3] are extended and generalized by our result. Additionally, we offer an
example that demonstrates the value of these dualistic expanding mappings.
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1 Introduction

“Because metric fixed-point theory has so many applications in applied mathematics and the sciences, it is
becoming more and more important in mathematics. The conventional understanding of a metric space has been
generalized in several ways. A partial metric space, which Matthews developed and examined, is one such
generalization” [4]. He verified the exact correspondence between the so-called weightable quasi-metric spaces
and partial metric spaces. Partial metrics have certain generalizations. One major modification to Matthews'
formulation of the partial metric, for instance, was suggested by O'Neill [1] and involved moving it range from
[0,0) to (—o0,0). A pair (U,d*) where U is a nonempty set and «£* is a dualistic partial metric on U is
referred to as a dualistic partial metric space. According to [1], “the partial metrics in the O'Neill sense shall be
called dualistic partial metrics. In this way, O’Neill established several links between partial metrics and the
topological aspects of domain theory”. The study of Banach's contraction principle served as the foundation for
contractive conditions. These conditions have been used in many generalized metric spaces for fixed point
theorems. After that, expansive conditions were added [3], and expansive mappings were used to provide new
fixed-point solutions. For different contractive or expansive mappings, several fixed-point findings have still
been studied utilizing the concepts of metric space and partial metric space. View [5,6,2,7,8,9,10] and [11] for
additional information.

The existence of fixed points for a particular class of mappings known as "expansive mappings" is addressed by
the fixed-point theorem for expansive mappings, a finding in fixed point theory. According to the theorem, there
is always at least one fixed point in an expansive mapping defined on a nonempty bounded metric space [12,13].
A concept of non-contraction is reflected by expansive mappings, which lead points to spread apart during the
transformation. Put otherwise, the theorem asserts that a mapping can have invariant points even in the absence
of a contraction in the distances between its points. The idea behind it is to expand upon the conventional fixed-
point theorem for contraction mappings, which asserts that every contraction mapping has a single fixed point
[14,15].

Theorem 1.1 Let U be a bounded metric space that is not empty, and let f be an expansive mapping from U to
U. Then, f has a fixed point.

A number of diverse scenarios have been expanded upon using this theorem [9,16,17]. Applications of the
expansive mappings fixed point theorem can be found in dynamical systems, differential equations, and
nonlinear analysis. The idea of expansive mappings makes sense in these domains [18,19,20]. Expansive
mappings, for instance, are employed in nonlinear analysis to examine the behavior of dynamical systems [21].
Expanding mappings are used in differential and integral equations to examine the stability of solutions [22].
Expansive mappings are widely utilized in dynamical systems to examine the existence of chaotic attractors
[21]. This technique is applied in many different domains, such as the study of dynamics in mathematical
biology and economics.

In a dualistic partial metric space, the purpose of this study is to show several common fixed-point theorems

under different dualistic expansive mappings. Some famous conclusions of [2] and [3] are extended and
generalized by our result. Furthermore, we validate our findings using an example.

2 Preliminaries
To make this work self-contained, we review key definitions and foundational concepts in mathematics.

Definition 2.1. (see [4]) Let U be a non-empty set. A partial metric on U is a function &: U X U — [0, )
complying with following axioms, for all x,y,z € U

(dl) X = y d d(Xv Y) = d(X, X) = d(ny)v
(dz) d’(X! X) S d(X, Y),
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(d3) d(x,y) = d(y,x),
(dy) dx,y) <d(x,z) +d(z,y) — d(z,2).

The pair (U, &) is called a partial metric space.

Definition 2.2. (see [1]) Let U be a non-empty set. A dualistic partial metric on U is a function4™: U X U —
(—o0, 00) satisfying the following axioms, for all x,y,z € U

@dx=yedxy =4a4"xx) =ay,y),
(d3) d*(x,x) < d*(x,y),
@3) d*(x,y) = d*(y,%),
@) dxz)+a(yy <dxy)+d"(y,2).

The pair (U, 47) is called a dualistic partial metric space.

Remark 2.3 Noting that each partial metric is a dualistic partial metric, but the converse is false. Indeed, define
a* on (—o0,00) as d*(x,y) = max{x,y},Vx,y € (—oo,) . Obviously, 4* is a dualistic partial metric
on (—oo, ). Since 4*(x,y) < 0 & [0,0),V X,y € (—o0,0) and then &* is not a partial metric on (—oo, ). This
confirms our remark.

Example 2.4 (see [23,1])

(1) Define dj: U XU - (—,0) by d;(x,y) = p(x,y) + b, where p is a metric on a nonempty set U and
b € (—oo, ) is arbitrary constant, then it is easy to check that d; verifies axioms (d7) — (44) and hence
(U, 4*) is a dualistic partial metric space.

(2) Let 4 be a partial metric defined on a non-empty set U. The function 4*: U X U — (—oo, o) defined by
ar(xy) =dxy) —dxx) —d(y,y) satisfies the axioms (d;) — (d;) and so it defines a dualistic
partial metric on U. Note that £*(x,y) may have negative values.

(3) Let U = (—,). Define d*: U XU — (—o,0) by 4*(x,y) = |x—y| if x #y and 4*(x,y) = —B if
x =yand 8 > 0. We can easily see that 4 is a dualistic partial metric on U.

O’Neill [1] established that each dualistic partial metric 4* on U generates a T, topology t(4* ) on U having a
base, the family of &*-balls {B,- (x, €) | x € U, e > 0}, where

By (x,€) = {y EU | ar(xy) <d*(x,x)+ e}. (2.1)
If (U, 4*) is a dualistic partial metric space, then the function p4 : U X U - [0, ) defined by
par(x,y) = d*(x,y) — d"(x,%), (2.2)
defines a quasi-metric on A such that t(4*) = t(p,+) and
pa(xy) = max{p(x,y), par (v, %)}, 23)
defines a metric on U.
Definition 2.5 (see [23]) Let (U, 4™) be a dualistic partial metric space.

1. A sequence {x,} in U is said to converge or to be convergent if there is a x € U such that
lim d*(x,, x) = d*(%,%). x is called the limit of {x,} and we write x, — x.

n—oo

A sequence {x,} in U is said to be Cauchy sequence if lim d*(x,, x) exists and is finite.
n,m-—o0

A dualistic partial metric space U = (U, d™) is said to be complete if every Cauchy sequence {x,} in U
converges, with respect to t(4£* ), toa point x € U such that 4*(x,x) = lim d*(Xp, Xpy)-

n,m- oo
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Remark 2.6 For a sequence, convergence with respect to metric space may not imply convergence with respect
to dualistic partial metric space. Indeed, if we take 3 = 1 and {xn = 1_T“: n > 1} c U as in Example 2.4(3).
N

ne

Mention that lim p(x,, —1) = —1 and therefore, x, » —1 with respect to p. On the other hand, we make a
n—-oo
conclusion that x,, - —1 with respect to &* because

lim d*(x,, —1) = lim d*|x, — (=1)| = lim |1‘—“+ 1| =0

n—-oo n—oo n—-oo n

and 4*(—-1,-1) = —1.

Lemma 2.7 (see [24]) Let (U, 4™) be a dualistic partial metric space.

(1) Every Cauchy sequence in (U, p+) is also a Cauchy sequence in (U, £4*).

(2) A dualistic partial metric (U, 4*) is complete if and only if the induced metric space (U, p») is complete.

(3) A sequence {x,} in U converges to a point x € U with respect to t(p:) if and only if 4*(x,x) =

rl]l_l;l;lo ad*(xy,x) = &1_{2, ad* (X, Xm)-

Then P is a parametric metric on U and the pair (U, P) is a parametric metric space. Let U be a set. A pointz €
U is a point of coincidence of a pair of self-maps f,g: U — U and 6 € U is its coincidence point if f6 = gb = z.
Mappings f and g are weakly compatible if fgb = gf6 for each of their coincidence points 6 [25,26,27] and
occasionally weakly compatible if the same holds for some coincidence point [28]. The set of fixed points of a
self-map f: U — U will be denoted as §(f). The mapping fis said to possess property (P) if F(f") = F(f) for
each n € N (see [25,29]). A pair of self-maps f,g: U — U is said to have property (Q) if FE™NF(g") =
F(EONF(g) holds for each n € N (see [25]).

Definition 2.8 (see [30]) Let (U, 4*) be a dualistic partial metric space and f: U — U. Then fis called a dualistic
expanding mapping, if for every x,y € U, there exists a number A > 1 such that

|d*(fx, fy)| = Ald* (%, y)|.

3 Main Results

Our main result as follows.

Theorem 3.1 Let (U, 4*) be a complete dualistic partial metric space and f,g: U — U be two maps such that
f(U) o g(U) and that at least one of these subspaces is complete. Suppose that there exist real numbers o, B,y
satisfying B,y = 0and a > 1,y < 1 such that

|d*(fx, fy)| = ald(gx, gy)| + Bld"(gx, )| + y|d" (gy, fy)l, (3.1)

vx,y € U. Then fand g have a unique point of coincidence. If, moreover, the pair (f, g) is (occasionally) weakly
compatible, then f and g have a unique common fixed point.

Proof Take arbitrary x, € ©. Construct sequences {x,} and {y,} such thaty, = gx, = fx,,, forn=0,1,2,...
Applying (3.1), we obtain

|d*(Yn: Yn—l)l = |d*(an+1, an)l
o|d(gXn41, 8%n)| + BlA" (€Xn11, Xne1)| + YId" (8%, X))

o|d (Y1, Y| + Bld" Ynr1, Y| + ¥4 (Yn yn-1)I
(a+ BId" Yns1, Y + Y14 (Yns Yn-1)l

v

Hence

1=y |a"n-1,y0)| = (@ + B2 (Y, Yn+1)] 3.2)
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Consequently,
|d*(y'n' Yn+1)| < H|d*(}’n—1' yn)l

where p = % < 1foralln € NU {0} and t > 0. Repeating (3.3) r-times, we get

|d* (Yn Yo+ < 0 1A o, y1)I

Now,

|d*(Yn' YH)l = |d*(an+1, an+1)|

> a|d(gXns1, 8%n+1)| + BlA™(€Xnt1, Xni1)| + YId" (8%n41, fXni1)]
= ald(Yn+1' YH+1)| + Bld*(Yn+1r Yn)l + Y|d*(Yn+11 Yn)l
=B+ VI Ynrv, Y| + ald(Yni1s Yol

The last inequality gives

1, 4 (B+Y) | 4+
|d(Yn+1'Yn+1)| < ;ld (YnIYn)l _Tyld (Yn+1IYn)|-

Due to inequality (3.4), we have

1. B+ n g+
ldn+1, Yne)| < 2 1d"(n, yo)l —B%yunld Vo, yI-

Similarly,

14" YY)l < 212 G, Vne )] = B2 001 (v, y0).
The inequality (3.4) implies that

(1 . ®+y) .. ..
|d(Yne1, Yne)| < &{&Id (Yn-1,Yn-1)I —Tu“ Ha* (yo,y1)|
B+v) .
—Tunld o yUI

1 4 (B+Y)  n— X (B+v) %
= 1l Gnen Vo)l = B2 Goy)l = E2pa (yo, )
1 . P—n_l P—n .
= @Id Yn-vYn-DI — (B+Y)[ 2 T |4 (yo,y1)!
1 n

N T i
o3 + oZ +; ld*(yo, y1)I-

1
== |d*(Yn-2,Yn-2)1 = (B+7Y) [

Continuing further, we get

1 % 1 n *
1A s Ynr)l < 17 G0, Yo)l = B+ 1) [ + 2 + -+ + 5] 147 (yo, y)!

< 8™ d"(yo, ¥o)| = (B +V)[E™! + 8™+ -+ + ™14 (yo, )
= 8" d" (yo,y0)| — B+ V)P" " (v, y1)|
< 8" d* (yo,yo)| + p™ " (yo, y1)l,

where § = iand ptl = &0+ 4 My 4 - + Sl
We deduce from (2.2) that

pd*(Yn'Yn+1) < |d*(Yn'Yn+1)| - d*(Yn'Yn)

(3.3)

(3.4)

(3.5)

(3.6)

@.7)

3.8)

3.9)
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S |d’*(YHl Yn+1)| + d*(yW Yn)
< pd*(yo, yl + 8™d" (Yo, yo) |l + p"|d"(yo, y1)I
= (U + pMad" (X, x1)| + 8" " (X0, X0) |-

Now, for m > n, we have

pd*(Yn' Ym) < P (Yn: Yn+1) + pd*(Yn+1' Yn+2) + -t pd*(Ym—lﬂ Ym)
< (W +pMlad" Yo,y + 8" d"(yo,y0)l
+(W™ + p™ D)) (yo, y) | + 8™ A (yo, yo) | + -+
+(™ 7 4+ p™ D2 (yo, y)| + 8™ Hd* (¥o, ¥o)
= (" + @™+ u™ )2 (vo, ya)
+(" +p" "+ e+ p™ D) (o, yo)I
+(8" + 8™ 4 -+ 8™ D) (Yo, Vo)
S U+t 4 e ™ ) D (Yo, )]
+(P" +p" e+ p™ T+ ) A (o, y)
+(8" + 8™ 4+ 8™+ )| (Yo, Vo)
n

n

W L &% .
=T" uld oyl + 1 5 14" o,y + 75 14" (o o) -
Hence
n * n * Sn *
Par(ny Ym) < 1“:"" oyl +1pr|¢ GoyDI + 514" Go,yo)l- (3.10)

Asm,n = 0, A (¥, ¥m) = max{p (Y, Ym) Pa* Um, ¥n)} = 0, thus, {y,} is a Cauchy sequence in (U, pj+).

Since (U,a) is a complete dualistic partial metric space, by Lemma 2.1(2), (U, pJ*) is a complete metric

space. Thus, there exists z € (U, p3+) such thaty, = gx, = fx,4; = zasn — oo, that is lim p,+(y,,z) = 0 and
n—oo

by Lemma 2.1 (3), we know that

d*(z,2) = lim d"(yy, z) = lim d*(yn, ym)- (3.11)
Since, 111_{{)10 p4(Yn,Zz) = 0, by (2.2) and (3.5), we have

d'(z,2) = lim d*(yn,7) = lim d" (¥, ¥m) = 0. (3.12)

This shows that {y,} is a Cauchy sequence in (U) . Suppose that f(U) is complete. Then, there exists 6 € U
such that fx, — f6 = z. Let us prove that f6 = g6. Then, using (3.1), we get

|a” (yn, 10)| = |4" (fxp41, fO)
2 o|d(gXn+1,80)| + Bld’ (8xn+1, fxni1)| +v|d7 (g6, )]
which implies that as n — +oo,
0= (x+vy)|d(f6,g0)|

Hence 8 = gb. Thus, f6 = gb = z is a point of coincidence for (f, g). Suppose that there is another point of
coincidence f8, = gb, = z;. Then

|d*(z,2,)| = |d"(£6, {0,)|
> ald(gb,g0,)| + Bla(gb, 10)| + yld" (g0, f6,)]
implying (since a > 1) that |d*(z,z,)| = 0 = |d*(z,2z)| = |d*(z4,2,)|. Consequently, z = z,.Thus, the point of

coincidence is unique. If the pair (f, g) is weakly compatible, applying [21, Proposition 1.12] we conclude that f
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and g have a unique common fixed point. If (f,g) is occasionally weakly compatible, the same conclusion
follows from [22, Lemma 1.6]. This completes the proof.

Setting § = 0 = y in Theorem 3.1, we can obtain the following result.
Corollary 3.2 Let (U, 4*) be a complete dualistic partial metric space and f,g: U — U be two maps such that
f(U) o g(U) and that at least one of these subspaces is complete. Suppose that there exists a real number a > 1
such that

|a”(fx, fy)| = a|d(gx, gy)l, (3.13)

vx,y € U. Then f and g have a unique point of coincidence. If, moreover, the pair (f, g) is (occasionally) weakly
compatible, then f and g have a unique common fixed point.

Corollary 3.3 Let (U, 4") be a complete dualistic partial metric space and f: U — U be a surjection. Suppose
that there exists a real number a > 1 such that

la”(fx, fy)| = ald(x,y)l, (3.14)
Vvx,y € U. Then f has a unique fixed point.
Proof From Corollary 3.3, it follows that f has a fixed point z in U by setting g = iy,.
Uniqueness. Suppose that z # z* is also another fixed point of f, then from condition (3.14), we obtain
|d*(z,z*)| = |d*(fz, fz*)| = o|d(z,2*)|
which implies d*(z,z*) = 0 = d*(z,z) = d*(z*,z*), that is z = z*. This completes the proof.

Corollary 3.4 Let (U,a4") be a complete dualistic partial metric space and f:U — U be a surjection. Suppose
that there exists a positive integer n and a real number a real number o > 1 such that

|a* (7%, fy)| = ald(x,y)l, (3.15)
Vvx,y € U. Then f has a unique fixed point.
Proof From Corollary 3.3, f™ has a fixed pointz. But f*(fz) = f(f"z) = fz, So fz is also a fixed point of f".
Hence fz = z,z is a fixed point of f. Since the fixed point of fis also fixed point of ", the fixed point of fis

unique.

Corollary 3.5 (Corollary 2.1 of Huang et al. [2]) Let (U, £) be a complete partial metric space and f: U — U be
a surjection. Suppose that there exists A > 1 such that

a(fx, fy) = Ad(x,y), (3.16)
Vx,y € U, then f has a unique fixed point.

Proof Since the restriction of a dualistic partial metric 4* to [0,0), d* | [o,0) = d is @ partial metric, so
arguments follow the same lines as in the proof of Theorem 3.1.

Corollary 3.6 (Theorem 2.1 of Huang et al. [2]) Let (U, &) be a complete partial metric space and f: U — U be
a surjection. Suppose that there exist real numbers a, 3,y satisfying 3,y = 0 and a > 1 such that

alfx,fy) = ad(xy) +Bdx x) +yd(y, fy), (3.17)

Vx,y € U, then f has a unique fixed point.

30



Verma et al.; Asian J. Prob. Stat., vol. 26, no. 7, pp. 24-33, 2024; Article no.AJPAS.118676

Proof Set d*

[0,0) = d and arguments follow the same lines as in the proof of Theorem 3.1.
Observations 3.7

1. Usually the range of a dualistic partial metric £* is (—oo, ) but if we replace (—oo, ) by [0, ),
then &~ is identical to a partial metric & and hence Theorem 3.1 is applicable in the setting of partial
metric space.

2. Ifwesetd(x,x) = 0in Corollary 3.5 and Corollary 3.6, we retrieve corresponding theorems in metric
spaces.

3. Our main result extends and generalizes some well-known results of Huang et al. [2] and Wang et al.

[3].
Example 3.8 Define d*: (—o, 0] X (—o0,0] = (—o0, ) by 4*(x,y) = max{x,y}. It is easy to check that
((—oo, 0],d*) is a complete dualistic partial metric space. Define f,g : (—o0,0] - (—,0] as fx = 6x,gx =
3%,V X € (—o0,0]. Further, for all x,y € (—o0, 0] with x >y, and a = 2, we have

|d"(fx, fy)| = |[max{6x, 6y}| = |6x|

> 2|max{3x, 3y}|

=2|d"(x,y)I.
Cleary, (3.13) is satisfied and f is a self-surjection on (—oo, 0]. In the view of Corollary 3.1, fand g has a unique
common fixed point in (—oo, 0], indeed f0 = g0 = 0. Also

|a”(fx, fy)| = Imax{6x, 6y}| = |6x| > a|x| = ajmax{x,y}| = ald"(x,y)I,

for1<a<6and Vx,y € (—oo,0]with x = y. Thus, f is a dualistic expanding surjective self-mapping on
(—o0, 0]. From, Corollary 3.3, f0 = 0 € (—oo, 0] is unique.
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