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Abstract

A semigraph G is vertex-labeled semigraph, if its nivestare labeled by distinct symbols. In this paper
various results on enumeration of vertex-labeled sepigs containing non-adjacent edges and number
of vertex-labeled semigraphs with two adjacent s-edgeslatained. Also the number of vertex-labeled

semigraphs on 1 to 8 vertices is calculated.

Keywords: Vertex-labeled semigraph; enumeration of vdabaled semigraphs.
1 Introduction

Semigraph is a discrete structure introduced by E. Séonpar [1] generalizing the graph [2]. Many
concepts of graph theory are generalized in several warmdrsemigraphs. In the semigraph, every edge is
an n-tupple for r= 2 and any two edges can have only one vertex in commeamefbine many chemical
structures resemble semigraph. Semigraphs have beenusiéidsby the several authors like [3,4,5,6].
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One of the most important areas in graph theory is eratioer[7,8,9,10], which is the result of the
pioneering work of Arthur Cayley. Graph enumeration is widesed in chemistry, physics, biology,
information theory and so on [11,12]. In this paper variouslte®n enumeration of the vertex-labeled
semigraphs are established and also the total number of suigiaggre on 1 to 8 vertices is counted.

2 Basic Definitions

Following are the definitions related to the semigraplos.more terminologies [1] may be referred.

Definition 2.1 [1]: A semigrapltG is an ordered paifV, X) whereV is a non-empty set, whose elements
are calledverticesof G and the seX is the set ol —tuples, called thedgesof G, of distinct vertices, for
various N = 2, with the following conditions:

SG1: Any two edges have at most one vertex in common.
SG2: Two edges(U,,U,,...,U,) and (V;,V,,...,V,,) are considered to be equal if and only if

i) Mm=n and
ii) either U, =V, or U, =V,_,, fori =123,...n.

Thus the edgdU,,U,,...,U,) is the same as the ede,,,u, _,,...,U,).

LetG = (V, X) be a semigraph anff = (Vv,,V,,...,V,_;,V,) is an edge o6. Then the vertice¥, and v,

are called theend verticesof E, represented by thick dots, the vertiags...,V,_; are called theniddle

vertices or m—verticesf E, represented by small hollow circles. A vert¢xn G which appears as an end
vertex of one edge and the middle vertex of the other edigeoiwn as themiddle—cum—end vertex or
((m,e)) vertexrepresented by a small tangent to the hollow circlenafdle vertex.

Example 2.2: Let G = (V, X)be a semigraph (Fig. 1), whe¥e ={V;,V,,V,, V,,Vs,Vy,V;, Vg, Vg, Vio}
andX ={(V1,V,,V5), (V3. Vg, Vo)s (Vs Ve V71 Vg) (Ve Va): (Vi Vag)} - N Gy vy, Vs, Vs, Vg, Vi are end
vertices,V, , V; and V; are middle verticesy, is a middle—cum-end vertex ahg is an isolated vertex.

Vo
—

Vs V6 ‘)7 "J(q

Fig. 1. Semigraph G
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Definition 2.3 [1]: Two vertices in a semigragh are said to be adjacent if they belong to the same ediye a
are consecutively adjacent if in addition they are cansexin order as well. For example, in the Figvgl,

V, are adjacent vertices awig, V, are consecutive adjacent vertices.

Definition 2.4 [1]: Any two edges in a semigraph are said to be adjac#meyfhave a vertex in common.
For example, in the Fig. 1, the edgEs and E, are adjacent and the edgEsand E; are non-adjacent.
Definition 2.5 [1]: Any two edges in a semigraph are said to be i) emead] if common vertex of the edges
is end vertex in both the edges, ii) em-adjacent if commaewef the edges is an end vertex of first edge
and middle vertex of the second edge and iii) mm-adjaceoniimon vertex of the edges is a middle vertex
in both the edges.

Definition 2.6 [1]: Cardinality of an edge in a semigraph is said tdkb# the edge contain& number of
vertices.

Definition 2.7 [1]: An edge in a semigraph is said to be an s-edge if its cardinaktiz 3.

Definition 2.8 [1]: A semigraphG is vertex-labeled semigraph, if it3-vertices are labeled by distinct

symbols, such a¥,,V,,V;,...,V,.

3 Resultsand Discussion
Here we establish various results on enumeration of wabeted semigraphs containing non-adjacent

s-edges.

n
Note that
r

j value is considered as zero whef® N in the following theorems.

Theorem 3.1: The number of vertex-labeled semigraphsibivertices (andn distinct labels) with exactly

nyk!
one s-edge of cardinaliti is [ JE ,wher3<k <n.
r

Proof: Consider a semigraph of -vertices with exactly one s-edge of cardinal@¥ K <hand the
remaining vertices (if any) are isolated vertices.

n
Then thek vertices of the s-edge can be labeled by chookirgbels fromn -labels in(kj ways and the
(n - k) isolated vertices are labeled by exactly one way mgube remaining(n - k) labels.
k!
As an edge in a semigraph is symmetric, the permutatichesfe selecte -labels givesz different

labeling of the s-edge.

Hence the number of vertex labeled semigraph$levertices, with exactly one s-edge of cardinality B

<nis —.
k)2
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Theorem 3.2. The number of vertex-labeled semigraphs Bnvertices with exactly one s-edge of
cardinality K = n—1 and the remaining edges of cardinality 2 is

Y I
(" Mzn‘l: n£2k wherek =n-12 3.
n-1) 2 k)2

Proof: Consider a semigrapB on N -vertices with exactly one s-edge of cardinality= N —1and the
remaining edges (if any) of cardinality 2.

n
Then thek vertices of s-edge can be labeled by choodinigbels fromn -labels in(kj ways and the

remaining 1 vertex is labeled by remaining label.

ki
As an edge in a semigraph is symmetric, the permutafidhese selected -labels, givesE different

labeling of the s-edge.

Clearly in this semigraph, we can add maximbm K (1) = k edges of cardinality 2 betwedg-vertices of
s-edge and the remaining 1 vertex.

If the semigraph containg edges(q = O,l,2,3,...|) of cardinality 2, then thesq -edges can be adjacent

K
to any ( vertices of s-edge, which can be choser{in ways. Hence the number of semigraphs vgjth
q

n) kl (k
number of edges of cardinality 2 and one s-edéek}z [ ]
q

Hence the total number of vertex-labeled semigraph#l erertices with exactly one s-edge of cardinality
Kk =n -1 and the remaining edges of cardinality 2 are
n\k!(k
+ —
k)2\k

[Jslo) (fsla (e
W5 RN
1)

Theorem 3.3: The number of vertex-labeled semigraphs Bnvertices with exactly one s-edge of
cardinality K and the remaining edges of cardinality 2 (if any) is

n-k
| +k(n—k)
=[njﬁ2( ZJ ,where3<k<n-1.

k)2
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Proof: Consider a semigrapB on N -vertices with exactly one s-edge of cardina@g Kk < n—1and the
remaining edges (if any) of cardinality 2.

Clearlysuch semigraph can have maximlln'(n - k) edges of cardinality 2 betwedg-vertices of s-edge

n-k
and the remaining{n - k) vertices an{ 5 ] edges of cardinality 2 amor(gl - k) vertices. Hence the

maximum number of edges of cardinality 2 is
n-k
| =k(n—k)+( ) J

I
Hence the semigraph can haveq number of edges of cardinality 2 {n j ways.
q

n
Now the K vertices of s-edge can be labeled by choosing k labels frelabels in(kj ways and the

remaining (n - k) vertices are labeled by remaining labels.

k!
As an edge in a semigraph is symmetric, the perinntaif these selectel labels givesz different

labeling of s-edge and hence different s-edges.
Therefore the number of vertex-labeled semigraph$levertices with exactly one s-edge of cardinality

n\kt(l
3<k<n-1landtheq edges of cardinality 2 i 2 a)

Hence the total number of vertex-labeled semigraphnosvertices with one s-edge of cardinality
3<k <n-1and the remaining)=0,1,2,3,.. ledges of cardinality 2 are

HEBEHE LN RERE
Walo G el
y

(e
2

)
2

k
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Theorem 3.4: The number of vertex-labeled semigraphsrosvertices with two non-adjacent s-edges of
cardinalitiesk; = 3k, = 3with6 < k; + k, < n and the remaining edges of cardinality 2 (if any) is

_ ( n J E (n - kij Q 2[ n_k;_kzj*'(“_kl_kz)(kﬁkz)+k1k2 .

k)2 k, )2

Proof: Consider a semigrapfs on N -vertices with two non-adjacent s-eddes, E, of cardinalities
k, =3k, 23,6<k, +k, <n and the remaining edges (if any) are of cardinality 2.

Clearly such semigraph can have(ﬁ)— k, —k, )(kl + kz) edges of cardinality 2 betwedq + K, vertices
- . . [(n=k =k,
of two s-edges and the remeum(ug— K, — k2) vertices of the semigraph, i) 5 edges of

cardinality 2 among thtén -k, - kz) vertices and iii)k,k, edges between the s-ed@asE, . Hence the
total number of edges of cardinality 2 is

| :[n_k1_k2

2 j+(n_k1_k2)(k1+k2)+k1k2-

I
Hence the semigraph can have apynumber of edges cardinality Z(n j ways.
q

n
Now the Kk, vertices of s-edgeéE, can be labeled by choosirg label from N -label in (k
1

j ways, K,

vertices of s-edgeE, can be labeled by choosirg, label from (n - kl) label in( j ways and

2
remaining (n -k, - kz) vertices are labeled by remaining labels.

ki'

As an edge in a semigraph is symmetric, the permutatithese selectel; and k, labels gives? and

K,!
72 different labeling of s-edgek, , E, respectively and hence different labeling.

Therefore the number of vertex-labeled semigraphfi evertices with two s-edges of cardinalitis , k,

Yk Nk k!
and theq edges of cardinality 2 i — —= .
k)2 k, )2\q

Hence the total number of labeled semigraphiownertices with two s-edges of cardinalitiks, k, and the
remainingq = 01,23,...| edges of cardinality 2 are
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Theorem 3.5. Let G be a semigraph om -vertices with non-adjacent s-edges of cardinalities
K., Ky, Ks,...K where3<K;,K,,K,...,k <n andk, +k, +k; +...+k =t<n and the remaining
edges of cardinality 2 (if any), then the number of subbl&d semigraphs is

Mkt (n=k —k =k, | k! n-k-k...= k., ki!z[n;t]+t(n_t)+gn§1k'km
'(kj?(ksz( 3 Jz """ [ K J? |

Proof: Proof is similar to Theorem 3.4.
Now we state the theorem on enumeration of semigraphsmiogtavo adjacent s-edges.

Theorem 3.6: The number of non isomorphic semigraphsiorvertices with exactly two adjacent s-edges
of cardinalitiesk, = 3 andk, 2 3 with 55k +k, -1<n'is

I
EHECRS

Proof: Let G be a semigraph of -vertices with two adjacent s-edgés = (ul,uz,...,ukl_l,ukl) and
E, = (Vl,vz,...,vkz_l,vkz) of cardinalitiesk, and k,with5< k, +k, =1<n, k;,k, =23.
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First, we note that, in a semigraph, the e((gg,uz,...,uk) of cardinality K is same as the edge

(uk,uk_l,...,ul). Hence the verticesl, andu, , U,andu, ,, ... are in the symmetric positions of the

edge and the number of such symmetric positioriisgﬁ. Therefore the number of non symmetric positions

k k
in an edge of cardinalitk isk—| —|=|—|.
i g inalitk i {2“ [Z—l

Now we define matriyy = [a,.j] , where the rows correspond to vertidgs i = 1,2,...k; of the edgeE;
(in order) and the columns correspond to vertixzpsj =12,...k, of the edgeE, (in order) and hence
eachg; corresponds to the semigra@h with common vertex of its two edges &sof E and v, of E, .

Clearly thisk,; x k, matrix gives the all possible semigraphs with two adjaedges.
Keeping in mind eacla; of the matrixV, represents one semigraph and symmetric conceptssdisd in the

beginning of the proof, using SG2 of Definition 2.1 #emigraphs corresponding to I%%J rows of the
matrix V are isomorphic to the semigraphs corresponding tot‘i%tJ rows of the matrixV. Similarly, the

: . K, : . : :
semigraphs corresponding to | S{E columns of the matrixV are isomorphic to the semigraphs

k
corresponding to firskEZJ columns of the matri¥/.

. k
Let V' be the matrix obtained by deleting the I%%J rows and the Ia%fEZJ columns ofV.

Case i) Itk # k,thena; # &, for all i, j(i # j), that is all the elements of the math& mutually non

isomorphic semigraphs and hence, the nhumber of non isomagimigraphss is equal to the number of
elements of the matri’ .

Hence number of Semigraphs G with two adjacent edgesdihabities k; andk, (k; #k,) is

i b

Case ii) Ifk, =k, =kthena, =a; for alli,j(i # ]), that is the semigraph correspondingapis
isomorphic to semigraph correspondingap. Hence the number of non isomorphic semigraphgth two

adjacent edges of cardinalitids and k, with k; =k, =K is

= the number of diagonal element3/6f+ half the number of non diagonal element¥ of
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k| 1(|k|k k
= — |+ — — | == —
21 22| 2 2
Lk kgl
212l 2

We note the following and proceed to prove the Theorem 3.7.

k
Note: 1) If k; # K, then among th][%—‘{zz—l non isomorphic semigraphs,

i ' semigraph is ee-adjacent,

k,

E—l —1} number of semigraphs are em-adjacent,

1
iii) { %—‘—1} number of semigraphs are me-adjacent and

%-‘ —1}{’7%-' —1} number of semigraphs are mm-adjacent.

1/ k||| k . : .
2) If k; =k, = kthen among theé S03 +1} non isomorphic semigraphs,

i) ‘1l semigraph is ee-adjacent,

y
i)

iv)

i) ”E—‘ —1} number of semigraphs are em-adjacent (isomorphic to meeadja
Lo 1] k||| k , :
iii) E E E =1+ number of semigraphs are mm-adjacent.

Theorem 3.7: The number of labeled semigraphs Brvertices with exactly two adjacent s-edges of
cardinalitiesk; 2 3,k, 2 3,k; # k,with6 <k +k, —1<n and the remaining edges of cardinality 2 (if

N {1 s Jete [1%”%1_1} %] +%ﬂ%1‘1}ﬂ%1‘1ﬂ i

A A e

where
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Proof: Let G be a semigraph of -vertices with two adjacent s-edgég = (ul,uz,...,ukl_l,ukl) and
E, = (Vi Vy . Vi, 1.V, ) of cardinalitiesk, # k,with6< k +k, —1<n, k k, 2 3.

Then from the Theorem 3.6 and the above note, the number &famarphic semigraphs with two adjacent
edges of cardinalitiek; andk, is

Case i) ‘1’ if E and E, are ee-adjacent ,

Case ii) {’7%-‘ —1} if E,and E, are em-adjacent,
Case iii) ﬂ%—‘ - 1} if E,and E, are me-adjacent and

Case iv)ﬂ%—‘ —1HP(—22—‘ —1} if E,and E, are mm-adjacent

Clearly each of these four cases, semigraphs can ha(\ve,—ikl -k, +1)(kl +k, —1) edges of cardinality
2 betweenk, +k, —1 vertices of two s-edges and the remaini(rg— k, —k, —1) vertices of the

. =k -k, +1 . .
semigraph, i) 5 edges of cardinality 2 among tr(a— k, -k, +1) vertices and iii)
(k, =1)(k, —1) edges between the s-ed@igs E, . Hence the total number of edges of cardinality 2 is

n-k -k, +1
i e R R (]

I
Hence each of these semigraphs can have aoynber of edges of cardinality 2 En ways.
q

n
Now K, vertices of the edgé, are labeled by choosinlgy labels fromn -labels in(kj ways, thek, —1

vertices of the edgd, are labeled by choosinly, labels fromn -k, labels in[ kﬂ ways and the

remaining (n -k, -k, +1) vertices are labeled by exactly one way, using the remalmiieds.
The permutation of these selected labels gives,

k! (k, —1)! different labeling of s-edgek, andE, for the case (i),

1
3 k,!(k, —1)! different labeling of s-edgek, andE, for the case (ii),

10
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1
N k,!(k, —1)! different labeling of s-edgek, andE, for the case (jii) and

1
2 k/!(k, —1)! different labeling of s-edgek, andE, for the case (iv).

Therefore the number of vertex-labeled semigraph$levertices with two s-edges of cardinalitis, K,
and theq edges of cardinality 2 is

L e S ()

H W e e
RENRRE

o A e R IR R

Hence the total number of labeled semigraptnorertices with two adjacent s-edges of cardinalitiesk,
(k; #k,) and the remaining] = 01,23,...] edges of cardinality 2 are

2t b e e R R A HR i HE
o))
oty e e e e F R R R

R A e

—

—

where

Theorem 3.8: The number of labeled semigraphs Anvertices with exactly two adjacent s-edges of
cardinalitiesk; = 3,k, 23,k =k, =kwith5<k; +k, —1< n and the remaining edges of cardinality 2
(if any) is

L e H

11
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Where

| :[n_22k+1J+(n—2k+1)(2k—1)+(k ~1p

Proof: Proof is similar to Theorem 3.7.

By using above results, the number vertex-labekdigraphs containing at least one s-edge, on 3 to 8
vertices is tabulated in the Table 1.

Table 1. Number of vertex-labeled semigraph on 3to 8 vertices

Number of Number of s-edgesin Cardinality (k) of s Number of Total number of semigraph
vertices semigraph edge/ edges semigraph on n-vertices
3 1 3 3 3
12

4 1 %
60
960
384(C

2160
360
11520
92160
245760 960360

92160
414720
103680
252(
161280
2580480
13762560
27525120 232729560
41287680
5160960
92897280
46448640
2903040
20160
2580480
82575360
880803840
3523215360
5637144576
21139292160
5284823040 112354635456
660602880
330301440
31708938240
23781703680
2972712960
3963617280
49545216
11890851840

108

7020

w b OOw s

2-adjacent edges

w
w

w b oo

2-non adjacent edges

w w w
w

2-adjacent edges

Aw®oww

2-non adjacent edges

2-adjacent edges

WS WhWWWwHWwR

8 2-non adjacent edges

2-adjacent edges

OO, WODRMDMNOWWNUUOOONIADDWPRWWDdDNOON MW

12
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4 Conclusion

a)
b)

c)

d)

e)

In the section 2, we defined basic terminologiesdeel to read this paper.

In the Theorem 3.1 to Theorem 3.3, we establisteailts on enumeration of vertex-labeled
semigraphs containing one s-edge and the remadniggs of cardinality 2 (if any)

In the Theorem 3.4, we established results on eratioa of vertex-labeled semigraphs containing
two non-adjacent s-edge and the remaining edgesadfinality 2 (if any) and Theorem 3.5
generalizes the Theorem 3.4.

In the Theorem 3.6 to Theorem 3.8, we establiste=ililts on enumeration of vertex-labeled
semigraphs containing two adjacent s-edge ancethaining edges of cardinality 2 (if any).

Table 1 gives the number of labeled semigraphs ton&vertices.
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